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Introduction

Evolution equations in continuous and discrete time have been studied for several decades due to
they arise naturally in the mathematical modeling of phenomena in natural sciences. The major
topics to be investigated in this field are existence, uniqueness and qualitative properties of their

solutions.

Evolution equations in continuous time has great importance in concrete models from mathe-
matical physics, viscoelasticity theory, mechanics [9, 75, 104, 108, 109], among others. A useful
machinery for this study is the general theory of resolvent families [12, 46, 71, 92, 109, 112]. In 1980,
Da Prato and Iannelli [46] introduced for first time the notion of resolvent family as an extension of
the known concept of Cy-semigroups, and now plays a central role in the theory of abstract Volterra

integral equations, as studied, for example in Priiss’s book [109].

The qualitative properties of resolvent families such as the regularity, positivity, periodicity,
approximation, uniform continuity and compactness have been studied by a number of authors. See
e.g. [46, 70, 69, 90, 91, 109]. Many authors have applied the notion of resolvent family to abstract
differential equations in Banach spaces to obtain variations of parameters formulae in order to define
appropriate concepts of mild solutions. For instance, in 2010, Lizama and N’Guérékata [95] studied
bounded mild solutions for semilinear integro differential equations in Banach spaces. The same year,
Chen and Li [39] introduced fractional resolvent operator functions to study a fractional abstract

Cauchy problem. For related work, see [40, 71, 86, 92] and references therein.
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As a discrete counterpart of the classical theory of differential equations emerged the theory of
difference equations. The study of difference equations has been subject of increasing interest in the
last years due to sometimes continuous models need to be discretized in time for practical purposes,
see e.g. [4, 14, 29, 33, 51, 85, 87, 89]. In [117] Xia established some sufficient criteria for the existence
and, uniqueness and asymptotic behavior of solutions to Volterra difference equations of convolution
type as well as to nonautonomous semilinear difference equations. Elaydi [53] obtained some of the
fundamental results on the stability and asymptotic behavior of linear Volterra difference equations
using the method of z—transform for equations of convolution type. The study of maximal regularity
for discrete time abstract Cauchy problems in Banach spaces has been addressed in [6, 30, 31, 82,
83, 97]. In 2001, Blunck [31] established sufficient conditions for maximal regularity of an operator
on vector-valued Lebesgue spaces. Kemmochi [82, 83] considered a discrete Cauchy problem in a
Banach space and showed that continuous maximal regularity implies discrete maximal regularity
for general time schemes of approximation in the case of UMD spaces. Lizama and Murillo [97]
presented a method based on operator-valued Fourier multipliers to characterize the existence and

uniqueness of [,-solutions for some discrete time fractional models.

The main purpose of this thesis is to study conditions to guarantee the existence, uniqueness and

qualitative properties of solutions for a distinguished class of models in continuous and discrete time.

The first problem consists of finding conditions that guarantee the existence of integrated solutions

for the following second order problem with memory
' (t) + Au(t) — (k* Au)(t) =f(t,u(t)), te€]0,b], (0.0.1)
where X is a Banach space, A : D(A) C X — X generates a resolvent family with integrated kernel,

and f:[0,b] x X — X.

We would like to address the following questions: What kind of conditions on the kernel &k, and
the operator A do we need to obtain existence of solutions for the semilinear problem (0.0.1) with
nonlocal initial conditions? Can we consider weaker conditions than Lipschitz type conditions, on

the external forcing term f7?

The second problem is finding conditions that guarantee existence and uniqueness of mild solutions
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to the following class of abstract semilinear difference equations of Volterra type
un+1)=A > an—ku(k+1)+ > bn—k)f(kuk),neZ, (0.0.2)
k=—o k=—o00
where A is an unbounded operator on a Banach space X and a(n),b(n) are appropriately chosen

sequences.

Suppose that we know the behavior of the forcing sequence f(k,z). What conditions do we need
on the operator A and the kernels a(n) and b(n) in order to conclude that the solution u of (0.0.2)
exists and has the same behavior as f? In this sense another questions naturally emerge: What
is the appropriate definition of discrete resolvent family generated by the operator A in order to
represent the solution of (0.0.2)7 Is it possible to give an explicit representation in terms of bounded
operators of the discrete resolvent family? Are difference equations of fractional type included in the

general framework of nonlinear fractional difference equations of type (0.0.2)?

The third problem that we address in this thesis is to study the connection between monotonicity
and convexity of sequences and the discrete version of the nonlocal extension of time differential
operators, e.g. the Riemann-Liouville fractional differential operator, whose more studied definition

is the following (see Gray and Zhang [68] or Atici and Eloe [2, 13, 15, 16])

t+v
v . 1 —v—1
(AYf)(t) = e} ;(t —s—1) (), t € Nay N, (0.0.3)
where N € N is the unique integer satisfying N — 1 < v < N, and the map t — t¥ is defined by
o T+
CI(t+1-v)

There are some interesting questions that are of recent interest, such as: Can we use the sign of
discrete fractional difference operators to obtain positivity, monotonicity, and convexity type results
for sequences u : N, — R? Do the properties of positivity, monotonicity, and convexity have a

continuous transition when v increases from 0 to 37

The following review summarizes the state of the art of the three problems mentioned previously.

Concerning the first problem, second order partial differential equations with memory arise in

several applied fields, like viscoelasticity or heat conduction with memory [21, 36, 77, 79]. The
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problem (0.0.1) was initially studied by Priiss. In the context of Hilbert spaces, Priiss obtained energy
estimates and the optimal decay rate for the solutions of the linear problem, through frequency
domain methods, see [108]. Afterwards, Cannarsa and Sforza [37] studied global existence and
asymptotic behavior of solutions for (0.0.1) when f(t,u(t)) = VF (u(t))+g(t), where VF denotes the
gradient of a Gateaux differentiable functional F': D(A!/2) — R. Xu [119] studied decay properties
of the numerical solutions for (0.0.1) with f = 0. It is worthwhile to note that in [108], [37] and
[119] the authors considered the equation (0.0.1) in Hilbert spaces, with local initial conditions,
and f a Lipschitz function. Recently, in the framework of Hilbert spaces, Luong [101] found mild
solutions for (0.0.1) with nonlocal conditions u(0) + g(u) = x¢, and u’'(0) + h(u) = yo using measure
of noncompactness on the space of solutions, and proved the existence of a compact set containing

decaying mild solutions, i.e. mild solutions such that u(¢) — 0 as ¢ — +oo, for problem (0.0.1).

Although there exists a wide literature about the second order abstract Cauchy problem, the
existence of solutions with nonlocal initial conditions for the equation (0.0.1) with damping by a

convolution term, in Banach spaces, has not been studied in the literature.

We notice that nonlocal initial conditions are more practical than classical conditions when treat-

ing physical problems. For instance, the sum
u(z,0) + Z Br(x)u(z, Ty) (0.0.4)
k=1

is more accurate to measurement of a state than u(x,0) alone. This approach was used by Deng in
[50] to describe the diffusion phenomenon of a small amount of gas in a tube. If there is too little
gas at the initial time, the measurement (0.0.4) of the sum of the amounts of the gas is more reliable
than the measurement u(z,0) of the amount of the gas at the instant ¢ = 0. For more information

we refer the reader to the articles [7, 35, 114, 113] and references therein.

Regarding the state of art of the second problem, linear and nonlinear difference equations of
Volterra type are often used in several applied fields like modeling of biological populations, see
[41, 42, 43, 52, 54, 85, 103]. The theory of linear Volterra difference equations of both convolution
and nonconvolution types have been studied, for example, by Elaydi, Gronek and Schmeidel in
[64, 72], where the second author named proved the existence of bounded solutions via Darbo’s

fixed-point theorem using a measure of noncompactness in the space of bounded sequences.
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Quite recently considerable attention has been paid to the nonlinear difference equations
A%u(n) = Au(n + 1) + f(n),n € Z, (0.0.5)

for 0 < a < 1, where A is the generator of a resolvent sequence contained in the space of all bounded
operators defined in a Banach space. Here A® denotes fractional difference in Weyl-like sense and f
satisfies Lipschitz conditions of global and local type. In [1, 10, 118] the authors studied existence,
uniqueness of discrete weighted pseudo S-asymptotically w-periodic mild solutions and asymptotic

behavior for nonlinear fractional difference equations like (0.0.5).

A key observation is that equations of type (0.0.5) are subsumed under the general framework
of nonlinear fractional difference equations of Volterra type (0.0.2). More precisely, equation (0.0.5)
corresponds to the special case where a(n) = b(n) = k%(n), with

I'n+ «)

M) = ot 1)

n € Np.

We notice that this sequence appears in the definition of the fractional difference which has been the

subject of much study in recent years (see e.g. [94] and the references therein).

We observe that the vast majority of research works related to the class of nonlinear discrete
time evolution equations (0.0.2) are focused either in finite dimensional cases or are restricted to
the case of a bounded operator A, see [43, 45, 52] and references therein. Moreover, the problem
of existence and uniqueness of weighted pseudo asymptotically mild solutions to (0.0.2) appears not
to have been considered in the literature. In this thesis we fill this gap by means of an operator

theoretic approach.

Finally, with regard to the state of art of the third problem, we notice that time-discrete operators
of fractional order appear in several areas of interest. For instance, in numerical analysis, as time-
stepping schemes of approximation for fractional evolution equations [81, 98], and in the study of
existence, uniqueness and qualitative properties of fractional difference equations [3, 14, 28, 38, 58,
74, 115, 120]. They also appear in the analysis of mixed partial difference-differential equations by
means of operator theoretical methods [76, 88, 93, 97, 94].

A well-known geometrical fact in the difference calculus is the following characterization of mono-
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tonicity: (Af)(t) > 0if and only if f is increasing on Ny. The question of whether such a monotonicity
result holds in the discrete fractional setting. The monotonicity conjecture was posed in 2014 by
Dahal and Goodrich [47, 48]. It turns out that the answer to this conjecture is not obvious and
rather complicated due to the nonlocal character of the fractional difference operator (0.0.3). In fact,
it was proved that if 1 < v < 2 and (AYf)(t) > 0 for each t € Ny12_, one does not need to have
f increasing [56, Example 2.4]. After the intense work of several authors [26, 47, 61, 80], the best
answer to the monotonicity conjecture posed by Dahal and Goodrich was proved in [65, Theorem
6.3]. In such paper, it was also analyzed the case of compositions of discrete fractional operators,
establishing many new results for all types of discrete fractional differences, and improving existing

results in the literature.

Additionally, connections between (0.0.3) and the convexity of the map f was first investigated
by Goodrich [60], proving that under certain hypotheses the positivity of (AY f)(t), for 2 < v < 3,
implies the convexity of f, thereby associating some geometrical meaning to the fractional difference

operator of order v > 2.

In 2017, Dahal and Goodrich [49] considered monotonicity-type results for sequences f satisfying
the sequential fractional difference inequality Ay, ARf(t) >0 for t € Noyq—p—p, where 0 < p <
1,0<v<1l,and 1 < p+v < 2. Goodrich started the study of discrete sequential fractional boundary
problems [59]. See also Sitthiwirattham [111]. Fractional operators are, in general, non commutative
[78], this renders reduction of the order of fractional difference equations impossible. An interesting
aspect of the sequential case is that the type of result obtained depends on the choice of v and u

[63, 65] and therefore exhibits a complexity that appears to be absent in the non-sequential case.

On the other hand, in recent times Lizama [94] proposed an alternative definition to (0.0.3) by

setting
(2 9)0) = AN 120 - )10)| (0.06)

i=0

where N —1 < o« < N, N € N. This definition appears in several recent articles related to [,-
maximal regularity, existence and uniqueness of solutions of difference problems with fractional order
[96, 93, 76]. Nevertheless, this definition was used for the first time to study either the monotonicity
or convexity of a sequence in [65]. In [65][Theorem 4.3] the authors related (0.0.3) to Definition
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(0.0.6) by means of the operator of translation. This property, named principle of transference has
been developed and used in [65] to understand the connections between the sign of (A®f)(t) and
either the positivity, monotonicity, or convexity of f. In such reference, many new results were

proved, improving most, if not all, known existing results in the literature.

This thesis is organized in four chapters. In Chapter 1, we begin introducing some of the main
concepts, notations and results that will be necessary in the development of this thesis. Mainly,
we give the basic concepts related to resolvent families, fractional differences, vector-valued spaces,

measure of noncompactness, and any related results of immediate use to us.

The following chapters are devoted to the detailed study of the three problems described above.

We will give a brief description of each of them below.

Chapter 2 is concerned with the study of the first problem. Roughly speaking, we prove the
existence of integrated solutions for the local and nonlocal initial value problem (0.0.1). In the local
case, we use methods described in [57] to show the existence of integrated solutions under conditions
of compactness of the resolvent generated by A. Concerning the nonlocal case, we follow ideas of
Lizama and Pozo [99], using properties of the measure of noncompactness as the main tool. The

concept of measure of noncompactness has been studied widely in [19, 20, 22, 23, 24, 25].

We observe that the approach based on the use of measure of noncompactness for abstract Cauchy
problems allows us to remove stronger assumptions, like Lipschitz type conditions on the external
forcing term f in (0.0.1) employed in the paper [108, Section 6] and so obtain more general results
in comparison with other methods. Although this method has been employed in the last years
by several authors for the study of existence of solutions to ordinary differential equations, their
application to abstract evolution equations remains underdeveloped. Following ideas of [99] (see also

the references therein), we will assume that the term f satisfies the following set of conditions.

(i) There exists a function m € L'(]0,b]; RT) and a nondecreasing continuous function ¢ : Rt —

RT such that

1@, )| <m)e(]|lz]] + 1), for all z € X and almost all ¢ € [0, b].
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(i) There exists a function H € L([0,b]; RT) such that for any bounded S C X

§(f(t,9)) < H(t)E(S), (0.0.7)

for almost all ¢ € [0,b], where £ denote the Hausdorff measure of noncompactness defined in

X.

Under the above assumptions, we prove our main result on the existence of integrated solutions to
equation (0.0.1). Moreover, we include constructive examples to illustrate the feasibility of the given
hypotheses. In the second example, we included a function f which satisfies the condition (0.0.7),

but it is not Lipschitzian.

Chapter 3 deals with the second problem. We start proposing a new definition of discrete resolvent
family {S(n)}nen, C B(X) generated by the operator A, in order to represent the solution of (0.0.2).
This new concept improves [1, 118, Definition 3.1] and [10, Definition 2.11] in the special case of
(0.0.5). For the associated nonhomogeneous linear equation (0.0.2), we assume conditions in terms of
generators of Cp-semigroups in order to prove the existence and summability of a discrete resolvent

family.

Additionally, we prove that in case a(n) = b(n),n € Z,, then the sequence the operators S(n)
has the following interesting representation

n—1
Stz =3 ﬁ@»(n)@ )T, n>2, forall zcX,

7=0
where T := (I — a(0)A)~, and ¢o(n) = a(n), ¢1(n) = 22;11 a(n — k)a(k), and

-1

¢j(n) =) aln—k)¢j-1(k), j=2, (0.0.8)
k=3

S

and for all z € X we have that S(0)z = a(0)Tz, S(1) = a(1)T?x.

As regards to the asymptotic behavior and weighted pseudo S-asymptotic w-periodic mild so-
lutions to (0.0.2), we suppose that A is the generator of a summable discrete resolvent family
{S(n)}nen, C B(X), f satisfies a §—Lipschitz condition, and using the Leray-Schauder Alterna-

tive Theorem, we show that there exist a sequence (h(n))nez and a mild solution w of (0.0.2) such
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that u(n) = o(h(n)), where the positive sequence h : Z — RT satisfies appropriate convergence
properties. The precise description of this result is in the context of Theorem 3.2.6. Additionally,

we include a constructive example to illustrate the relevance and feasibility of the given hypotheses.

Finally, Chapter 4 is devoted to the third problem. Here, we show important new properties of
the higher order differences Al, for I € N and of the a- th fractional difference operator A%, for @ > 0.
We provide a geometrical interpretation for a-increasing and a-convex sequences. We improve in a
significant way the work done in [65]. For 2 < a < 3, we assume that u € s(Np; R) satisfies a suitable
condition on A%u(n), and we conclude that u is positive, increasing and convex on Ny. This new
result allow us to deduce that the properties of positivity, monotonicity and convexity for a sequence

u have a continuous transition as « increases from 0 to 3.

Furthermore, we refined the results related to the relationship between convexity and the sign
of the composition of two operators. In the new theorems we include the border cases and new
hypotheses that allow us to see how the hypotheses overlap in each of the regions. More precisely, our
main result concerning the composition of two operators is Theorem 4.3.7. Using the transference
principle obtained by Goodrich and Lizama in [65], we are able to transfer all our results to the
operator (0.0.3) and thus fully understand the properties of positivity, monotonicity and convexity.

Moreover, we present examples that demonstrate the sharpness of the hypothesis.

The results described in Chapters 2 and 3 have been published in mainstream international

journals (ISI):

1. C. Lizama, S. Rueda. Nonlocal integrated solutions for a class of abstract evolution equations.

Acta Applicandae Mathematicae, 164 (1) (2019), 165-183.

2. V. Keyantuo, C. Lizama, S. Rueda and M. Warma. Asymptotic behavior of mild solutions for
a class of abstract nonlinear difference equations of convolution type. Advances in Difference

Equations, 251 (1) (2019), 1-29.

The results of Chapter 3 can be found in the article submitted for publication: J. Bravo, C. Lizama,

S. Rueda. Analytical properties of nonlocal discrete operators: Convexity.



Chapter 1

Preliminaries

The purpose of this chapter is to introduce certain notations, notions and theorems used throughout

the present thesis.

Let (X, | - ||) be a Banach space. We denote the space of all bounded linear operators from X
into X by B(X). If A is a closed linear operator on X, we denote by D(A) the domain of A equipped
with the graph norm |- |4 of A, i.e. |z|a = |z| + |Az|, p(A) denotes the resolvent set of A and
R(M\, A) = (A — A)~! the resolvent operator of A defined for all A € p(A).

Throughout this thesis, C([0,b]; X), and LP(R,, X) for 1 < p < 0o, denote the vector space of all
continuous functions f : [0,b] — X, and the vector valued space of all Bochner measurable functions
f iRy — X such that || f[|, := (5~ l/(¢)]|Pdt) Yr o 00, respectively. C*(0,00), denotes the space
of k—times continuously differentiable functions on (0,00). For Q@ C R™, W™P(Q; X) is the space
of all functions f : Q@ — X having distributional derivatives D*f € LP(€; X) of order |a| < m. The
subscript ‘loc’ assigned to any of the above function spaces means membership to the corresponding

space when restricted to compact subsets of its domain.

10
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1.1 Resolvent families

The concept of resolvent family that we will define in this section was introduced by Priiss in [109], it

corresponds to a class of families of operators that arise from the theory of linear Volterra equations.

In what follows we consider the integral equation
t
u(t) = f(t) +/ a(t — s)Au(s)ds, t€][0,0], (1.1.1)
0

where f € C([0,b]; X). We recall the following definition.

Definition 1.1.1. [109, Definition 1.1] Let A be a closed linear operator with domain D(A) defined
in a Banach space X, a € L}, .(R;) be a scalar kernel and f € C([0,b]; X). A function u € C([0,b], X)

is called

(i) strong solution of (1.1.1) on [0, b] if u € C([0,b], D(A)) and (1.1.1) holds on [0, ],

(ii) mild solution of (1.1.1) on [0, 5] if a*u € C([0,b], D(A)) and u(t) = f(t) + A(a*u)(t) on [0, b],

where the star indicates the finite convolution, i.e.

(kxu)(t) = /0 k(t — s)u(s)ds, t>0.

The following concept of resolvent family will be fundamental in our considerations.

Definition 1.1.2. [109, Definition 1.3] Let A be a closed linear operator with domain D(A) defined
in a Banach space X, and a € L}, .(Ry). A family {S(¢)}+>0 C B(X) of bounded linear operators in

loc

X is called a resolvent family generated by A if the following conditions are satisfied.

(i) S(t) is strongly continuous on R, (i.e. S(-)x are continuous from R, into X for every z € X)

and S(0) = I,
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(ii) S(t)D(A) € D(A) and AS(t)z = S(t)Ax for all x € D(A) and t > 0;
(iii) the resolvent equation holds

t
St)x == —|—/ a(t — s)AS(s)xds for all z € D(A),t>0.
0

Definition 1.1.3. [109, Definition 1.5] A resolvent family {S(¢)};>¢ is called exponentially bounded
if there are constants M > 0 and w € R such that ||S(t)|| < Me*?, for all ¢ > 0. The pair (M,w) is
called a type of S(t).

Theorem 1.1.4. [109, Proposition 1.2] Let A be a closed linear operator in a Banach space X
with domain D(A), and a € L, (Ry). If {S(t)}i>0 is a resolvent family generated by A, and f €
WLL([0,0]; D(A)), then
t
u(t) = SWFO)+ [ (=) (s, e by
0

is a strong solution of (1.1.1).

Let a be exponentially bounded of order w. We denote the Laplace transform of a by

a(A) == /000 e Ma(t)dt, Re(\) > w.

Definition 1.1.5. [109, p. 90] A infinitely differentiable function a : (0,00) — R is called completely

monotonic if (—1)"a(™ () > 0 for all t > 0,n € Ny.

Definition 1.1.6. [107, p. 326] Let a € L}, .(R) be such that a is Laplace transformable, a is called

loc

completely positive if and only if ﬁ(/\) and %, with A > 0 are completely monotone functions.

We recall [109, Section 3.2 p.69] that a function a € L} (R, ) of subexponential growth is called

loc

k-regular if there is a constant ¢ > 0 such that

IAMa™ ()| < ¢fa(\)] for all Re(A) > 0,0 <n < k.
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Also a is said to be of positive type if [arga(\)| < F for all Re(A) > 0.

Definition 1.1.7. Let a € L}, (Ry) and k > 2. We say that a(t) is k— monotone if a € C*~2(0, 00),

(—=1)"a™(t) > 0 for all t > 0,0 < n < k — 2, and the function (—1)*=2a(*=2)(¢) is nonincreasing

and convex.

1.2 Fractional differences

In this section, we introduce the notion of the fractional difference operator that will be used mainly
in Chapters 3 and 4. In what follows, we denote N, := {a,a+ 1,a + 2,...}, for some a € R, and
N = N; as usual. We denote by s(N,; R) the vectorial space that consists of all sequences f : N, — R.
Recall that given a sequence f € s(Ng;R) the first-order forward (or delta) difference of f at t € N,
denoted (Aaf) (t), is defined by

(Buf)(t) = F(t+1) - 510
Then one may define iteratively the higher order differences A7, for n € Ny, by writing
(ALF)(#) = (Aa 0 ATTH) ().
We also denote A2 = I, where I, : s(N,;R) — s(Ng;R) is the identity operator, Al = A,, and
A" = Af.

Remark 1.2.1. For any f € s(Np;R), | € Ny we have

l l ! 1—j .
Af(t)zZ(.)(—l) If(t+3), teN.

We define
I'(n+a)
k,a(n) — T'(a)T'(n+1)

do(n) if a =0,

if @ >0, n €Ny,
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where dp(n) is the delta function,

1 if n=0,
0 ifn#0.

do(n) :=

The kernel k%, introduced in [94], appears in many fields of research and has a number of important
properties that concentrate all the information about the fractional difference operator which we will

define next. For a review, see [65, Section 3].

The definition of a-th fractional sum on the set Ny is given by:

Definition 1.2.2. For each o > 0 and f € s(Np;R), we define the fractional sum of order « as

follows:

AT f(n) =Y k*(n—5)f(j), n€N.
Jj=0

The next concept was proposed in [94], it is analogous to the definition of a fractional derivative

in the sense of Riemann-Liouville, see [105].

Definition 1.2.3. Let a > 0 be given. The a—th fractional difference operator is defined by
A“f(n) = AmMAT=Y f(n), n e Ny,

where m — 1 <a <m, meN.

Let u, v be sequences (defined on Z. ). We define two convolution products (uov)(n) and (uxv)(n)

as follows,

(wov)(n) = Y u(n—k)v(k), (1.2.1)

and

(s v)(n) = u(n— k)o(k). (1.2.2)
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Note that for the first product we need conditions on the sequences in order to ensure the convergence

of the series (1.2.2), while for the second product (1.2.1) no condition on the sequences is required.

A useful property that satisfies the kernel k% is the semigroup property
(k* « k) (n) = k*P(n), neNy, o,f>0, (1.2.3)

which is frequently used in the results and examples of Chapter 5.

We recall from [65, Lemma 3.2] the following result.

Lemma 1.2.4. For any o > 0 and n € Ny, the following identities hold:

k(n)
n+1"

(i) Ak*(n) = (a — 1)

k*(n)

() A%ke(n) = (@ ==V ey

k% (n)

(1#d) A% (n) = (@ =3) (@ =2l = Ve r w3

Given a,b € R, we define the translation (by a € R) operator 7, : s(Ng;R) — s(Np; R) by
Tof(n) := f(a+n), né€Ny.

Note that 7,1 =7_, and 741 = 7, 0 Tp = 7 © Tq.

Lemma 1.2.5. [65, Lemma 2.3] Let f,g € s(Ng;R) be sequences, then for each p € N we have

(<)) = 7 * 9)m) — 3 72— )

We recall that the most commonly used fractional difference operator of order v > 0 was defined
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by Atici and Eloe [13, 15, 16]

t+v
v . 1 —v—1
(AZf)(t) == e ;(t —s5—1) (8), t € Nt v o, (1.2.4)
where f € s(Ng;R), N € Ny is the unique integer satisfying N — 1 < v < N, and the map ¢ — ¥ is
T 1
defined by % := M In the integer cases of v = N we have
I't+1-v)
N N ‘

ANi) =Y ( .)<—1>N-ff<t+j>, teN,. (1.2.5)

J

=0
In [65, Theorem 4.3] the authors related (1.2.4) to Definition 1.2.3 by means of the operator of

translation, which allowed to transfer the properties of a sequence u between both definitions and

called a transference principle.

In the following, we have extended the formulation of the transference principle in order to include

the integer cases « = N € N, being the proof immediate taking into account (1.2.5).

Theorem 1.2.6. (Transference Principle) Let N —1 < a < N, N € N and a,8 € R. For each
sequence f € s(Ng;R) we have

Ta+N-a © AL f = A%o 7, f,

and for each f € s(Nyyn_p;R),

TN-p 0 Bapn-pf =Dy oTN-pf.

In other words, the following diagrams are commutative:

a
a+N—p3

AY A
S(NaaR) — S(Na-i-N—oz;R) S(NaJerﬁ;R) — S(Na+2N757a;R)

J{Ta J{TaJrN—a J{TN—E J/TN—B

@

s(No; R) —2% 4 5(No;R) s(No;R) — 2% 5 §(Noyn—o;R)
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1.3 Some vector-valued spaces

We denote the linear space consisting of all vector valued sequences f : Z; — X by s(Z4, X), where

o0

Zy = NU{0}. Let a : Z; — C be given. If Z la(k)| < oo, then we say that a is a summable
k=0

sequence. We introduce some notation on the vector-valued spaces used in the sequel.

112, X)={f:Z— X : ||l := SléIZ),”f(n)H < oo}

2. B(Z, X)) ={f:Z—> X :|fli:= Z [ f(n)]IPp(n) < oo}, where p : Z — (0, 00) is a positive

n=—oo

sequence.
3. Cy(Z,X):={fel~Z,X): nh_)rgo I f(n)|| = 0}.
4. Cu(Z,X) :={f €1>(Z,X) : f is w — periodic} where w € Z \ {0} is fixed.

5. UC(Z x X, X) is the set of all functions f: Z x X — X satisfying that for all € > 0 there exist
0 > 0 such that || f(k,z) — f(k,y)| < eforall k € Z and for all z,y € X with ||z —y|| <.

6. UC(Z x X, X) is the set of all functions f : Z x X — X satisfying that for all € > 0 there exist
0 > 0 such that || f(k,z) — f(k,y)|| < Ls(k)e for all k € Z and z,y € X with ||z —y| <,
where Ly € IP(Z).

Let h : Z — RT be a sequence such that h(n) > 1 for all n € Z, and h(n) — oo as |n| = oo.

Define
€|

CHZ,X)={¢(:Z— X : lim —>—+ =0},
0(Z,X) = {¢ T IO,
endowed with the norm ||£]|;, = sup ||§(n)||
nez h(n)

It is clear that C)(Z,X) is a Banach space isometrically isomorphic with the space Cy(Z, X)
consisting of all sequences £ : Z — X that vanish at +oo. Let U be the collection of positive

sequences p : Z — (0,00). For p € U and, for n € Z we use the notation

n

v(n,p) = > plk),

k=—n
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U :={peU: lim v(n,p)= o},

[n|—o0

Up={p€Usx: 0<inf p(k) <supp(k) < oo} C Ux.
keZ kEZ

Hence, v(n, p) are the symmetric partial sums, U, consists of those positive sequences p over Z for
which the sequence (v(n,p))nen is unbounded, while U, consists of the positive sequences p such

that for some fixed 7 > 0, p(n) > 7 for all n € Z.

Let p1,p2 € Usx be given. The sequence p; is said to be equivalent to py (i.e. p; ~ po) if
p1/p2 € Up. It can be proved that Uss = Upecr, {0 € Ux : p ~ ¢}. For p € Uy, and m € Z.

A sequence f : Z — X is called almost automorphic if for every integer sequence {k.}, there
exists a subsequence {k,} such that

f(k) = lim f(k+k,)

n—oo

is well defined for each k € Z and nh—>H;o f(k —k,) = f(k). The set of such sequences is denoted by
AA4(Z, X). Tt is well known that the set AA4(Z, X) endowed with the norm || f||o := sup || f(k)]| is a
Banach space. (See [11]). A function f : Zx X — X is called almost automorphic if f (kkin) is almost
automorphic in k € Z for any x € X. We denote the space of all such functions by AA4(Z x X, X).

For p1,p2 € Us [117], we define the space

n

> I (k)llp2(k) = 0}.

k=—n

PAAS(Z, X - ©(Z,X): i
OS( ) 7p1ap2) {fel ( ’ ) nl—>n<§o I/(n7p1)

Let p1, p2 € Uy be given. A sequence f : Z — X is called discrete weighted pseudo almost auto-
morphic if it can be represented as f = g + ¢, where g € AA4(Z, X) and p € PAA,S(Z, X, p1, p2)-
The space of such functions is denoted by WPAA4(Z, X). The space WPAA4(Z, X) endowed with
the norm || f||co := sup || f(k)|| is a Banach space. (See [117, Lemma 10]). A function f:Zx X — X
is called discrete Wl;ieghted almost automorphic in k € Z for each z € X if it can be expressed as
f=9g+¢, where g € AAG(Z x X, X) and p € PAA)S(Z x X, X, p1, p2). The space of such functions
is denoted by WPAA4(Z x X, X). In what follows, we denote by V., the set of all the functions

p1, p2 € Uy satisfying the following: there exists an unbounded set 2 C Z such that for all m € Z,
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k
sup palk £ m) < ooand lim Loke((=nn)\2)+m P2(K)

=0.
k| —00,kER p1(k) n—00 v(n, p1)

A function f:7Z x X — X is said to be locally Lipschitz-continuous with respect to the second
variable if for each positive number r, for all k¥ € Z and for all z,y € X with ||z <r and ||y|| <,

we have || f(k,z) — f(k,y)|| < L(r)||z — y||, where L : R, — R, is a nondecreasing function.

A sequence f € [*°(Z, X) is called discrete asymptotically w-periodic if there exists g € C,,(Z, X),
¢ € Co(Z,X) such that f = g + ¢. The collection of such sequences is denoted by AP, (Z,X). A
sequence f € [*°(Z, X) is called discrete S-asymptotically w-periodic if there exist w € ZT \ {0} such
that nh_}n@lo(f(n +w) — f(n)) = 0. The collection of such sequences is denoted by SAP,(Z, X). (See
[117, Definition 5]).

Let p € Uy be given. A sequence f € [*°(Z,X) is called discrete S-asymptotically w-periodic
1 n
if there exist w € ZT \ {0} such that lim o g IIf(k +w) — f(k)|| = 0. The collection of such
n—oo 21
ki

sequences is denoted by PSAP,(Z,X). (See [117_,7Deﬁnition 6]).

Let p1,p2 € Ux. A sequence f € [*(Z,X) is called discrete weighted pseudo S-asymptotically
w—periodic if there exist w € Z* \ {0} such that

n

Y peR)If(k+w) = (k)] =0.

k=—n

nsoe v(n, pr)

Denote by WPSAP,(Z,X) the set of such sequences. (See [118, Definition 2.5]). Next, we will
recall some properties of WPSAP,,(Z, X, p1, p2) proved in [118].

Lemma 1.3.1. [118, Lemma 2.2] Let py, p2 € Voo be given, then

1. For each l € Z, one has
fim sup 27+ P2)
n—00 l/(na ,01)

2. WPSAP,(Z, X, p1, p2), where w € Z \ {0}, is translation invariant, that is
f(-+1) e WPSAP,(Z,X, p1,p2) for eachl € Z, if f € WPSAP,(Z,X, p1,p2)-
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3. WPSAP,(Z,X, p1,p2), where w € Z; \ {0}, is a closed subspace of 1°(Z, X).

Remark 1.3.2. Tt is easy to see that the following inclusions hold: For w € Z, \ {0}

C.(Z,X) C AP,(Z,X) C SAP,(Z,X) C PSAP,(Z,X) C WPSAP,(Z,X) C I®(Z, X).

Let p1, p2 € Us be given, and w € Z \{0}. In what follows, we will consider the sets M(Z, X) :=
(WPAAYZ,X),WPSAP,(Z, X)} and M(Zx X, X) 1= {WPAA4Zx X, X), WPSAP,(Zx X, X)}.

1.4 Measure of noncompactness and fixed point theorems

We will relate the notion of fixed point with the concept of measure of noncompactness. For this

reason, we next recall properties of this concept. For general information, see [22].

Definition 1.4.1. Let B be a bounded subset of a normed space X. The Hausdorff measure of

noncompactness of B is defined by

Xz (B) = inf{e > 0: B has a finite cover by balls of radius €}.

The Hausdorff measure of noncompactness has some useful properties, now we list some of them
that we will require in this thesis. See [22, 8, 23] for more details. Let By, Ba be bounded subsets of

a normed space X. Then

() xu(B1) < xu(B2) if B) C By,
(i) xz(B1) = xg(B1), where By denotes the closure of By,

(iil) xm(B1) = 0 if and only if B; is totally bounded,
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(iv) xm(AB1) = [A[xm(B1) with A € R,

(v) xu(B1U B2) = max{xnu(B1), xu(B2)},

(Vi) xu(B1+ B2) < xu(Bi1) + xu(B2), where By + Ba = {b1 + b2 : b1 € B1,ba € Ba},

(vii) xg(B1) = xu(co(B1)), where (¢o(By)) is the closed convex hull of B;.

In what follows, we denote by ¢ the Hausdorff measure of noncompactness defined in X, by
~ the Hausdorff measure of noncompactness on C([0,b]; X). The following lemma on measure of

noncompactness will allow us to prove our main findings.

Lemma 1.4.2. /23, Lemma 5.1] Let G : X — X be a Lipschitz continuous map with constant k.
Then £(G(B)) < k&(B) for any bounded subset B of X.

Lemma 1.4.3. [121, Property 1.1] Let W C C([0,b]; X) be a subset of continuous functions. If W
is bounded and equicontinuous on [0,b], then the set co(W) is also bounded and equicontinuous on

[0,b].

Next, we set forth some lemmas that will play an important part in the proof of our main result

in Chapter 2, Section 2.2.

Lemma 1.4.4. [23, Lemma 5.3] Let W C C([0,b]; X') be a bounded set. Then &(W (t)) < ~v(W) for
all t € [0,b]. If W is equicontinuous on [0,b], then (W (t)) is continuous on [0,b], and

YW) = sup{¢(W (1)) : ¢ € [0,b]},

where W (t) = {w(t) : w e W}.

Lemma 1.4.5. [23, Lemma 5.4] If {un}nen € LY([0,b], X) is uniformly integrable, then for each
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n € N the function t — £({u,(t)}nen) is measurable and

€ [ unashz) <2 [ el @)

Lemma 1.4.6. [32, Theorem 2] Let Y be a Banach space. If W C'Y is a bounded set, then for each

€ > 0, there exist a sequence {up}neny € W such that

EW) < 26({un}niy) + e (1.4.1)
Lemma 1.4.7. [78, Theorem 3.1] For all 0 < m < n, denote by CI, = Wlm)' If0<e<1,h>0
and let
n n n—1 n n72h2 h"
Sp=€"+CTe" "h+Cje §+"'+F’ n e N, (1.4.2)

then lim,,_, o S, = 0.

Next, we recall important fixed-point theorems.

Lemma 1.4.8. [73, Lemma 2.4] Let S be a closed and convex subset of a complex Banach space 'Y,
F:S— S be a continuous operator such that F(S) is a bounded set. Define

and

F"(S) = F(eo(F"1(9))), n=2,3,..
If there exist a constant 0 < r < 1 and ng € N such that
E(E™(S)) < ré(S),

then F has a fixed point in the set S.

Theorem 1.4.9. [102, Matkowski Fized Point Theorem] Let (X,d) be a complete metric space and
let F: X — X be a map such that d(Fz, Fy) < ¢(d(z,y)) for all x,y € X, where ¢ : [0,00) — [0, 00)
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is a nondecreasing function such that lim ¢"(t) =0 for all t > 0, where ¢" is the n-th iterate of ¢.
n—oo

Then F has a unique fixed point z € X.

Theorem 1.4.10. [67, Leray- Schauder Alternative Theorem] Let Q0 be a closed convex subset of
the Banach space X such that 0 € Q. Let F : Q — Q be a completely continuous map. Then the set
{reQ:ax=AF(z),0 < XA <1} is unbounded or the map F has a fized point in .

Theorem 1.4.11 (Schauder fized point theorem). Let C be a nonempty, closed, bounded, and convex
subset of a Banach space X. Suppose that T : C' — C' is a compact operator. Then T has at least a
fized point in C.

We recall a compactness criterion, the Leray-Schauder alternative theorem and Matkowski’s fixed
point theorem which will be useful in the future to prove existence and uniqueness of solution to

(0.0.2).

Lemma 1.4.12. [118, Lemma 2.1] Let h : Z — R™ be a function such that h(n) > 1 for alln € Z,
and h(n) — 0o as |n| — co. Let S be a subset of CY(Z, X). Suppose that the following conditions are
satisfied:

1. The set H(S) = {% tu € S} is relatively compact in X for allm € Z.

2. S is weighted equiconvergent at +oo, that is for every e > 0, there is a T > 0 such that
lu(n)|| < eh(n) for each |n| > T for allu € S.

Then S is relatively compact in CY(Z, X).



Chapter 2

Nonlocal integrated solutions for a
class of abstract evolution

equations

In this chapter we study the following equation

u’ (t) + Au(t) — (k* Au)(t) =f(t,u(t)), te€][0,b], (2.0.1)

where X is a Banach space, A : D(A) C X — X the generator of a resolvent family S(¢) with
integrated kernel a(t) = fot(t —s)k(s)ds —t, where k € L'(R,). Here, g, h : C([0,b]; X) — X are con-
tinuous maps, and f : [0,b] x X — X satisfies Carathéodory type conditions, which will be described
in Section 2.2. The objective is to establish a result concerning the existence of integrated solutions

for the above problem, using the theory of measure of noncompactness and fixed point theorems.

24
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2.1 A criteria for existence of integrated solutions

Let X be a Banach space, A: D(A) C X — X be a closed linear operator that generates a resolvent
{S(t)}+>0 with kernel a(t) = fg(t — 8)k(s)ds — t, where k € L*(R,). In this section, we want to

study the existence of solutions for the following semilinear problem with local conditions

u”(t) + Au(t) — (k * Au)(t) =f(t,u(t)), te]0,0], (2.1.1)
w(0) = ug,u'(0) =uy, wug,u; € X.

Here f: Ry x X — X is locally integrable. Let us consider the associated linear problem

u’ () + Au(t) — (k= Au)(t) =f(t), te|0,b], (2.1.2)
u(0) = ug,u’'(0) =u1, wup,u; € X.

Observe that integrating (2.1.2) twice, we obtain the following equivalent representation,

u(t)—A(a xu)(t) = (g2 * f)(t) + tur + uo, (2.1.3)

where g, (t) := t*1/T'(a), @ > 0 and a(t) = (g2 * k — g2)(t). Here I'(a) denotes the Gamma func-
tion. Then, by Theorem 1.1.4, we have that

u(t) = S(t)h(0) +/ S(t — s)h'(s)ds,
0
solves (2.1.3) with A(t) := (g2 * f)(t) + tus + up, thus
u(t) =S(t)uo + R(t)ur + /0 R(t — s)f(s)ds, (2.1.4)

t
where R(t)z := / S(T)xdr, x € X solves (2.1.2) whenever S(¢) and the initial data are regular
0

enough.

Motivated by this observation the following definition is meaningful.

Definition 2.1.1. Suppose that A is the generator of a resolvent family {S(¢)};>0 with kernel
a(t) = fg(t — s)k(s)ds —t. Let ug,u1 € X be given. We say that u € C([0,b]; X) is an integrated

solution of (2.1.1) if u satisfy the integral equation

u(t) = S(t)up + R(t)ur + /o R(t— s)f(s,u(s))ds, te€]0,b],
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t
where R(t)x := / S(r)zdr, z € X.
0

Borrowing ideas from [57, Lemma 3.4 and Lemma 3.5] we obtain the following result.

Lemma 2.1.2. Let {S(t)}:+>0 be a resolvent family with generator A. Suppose that
(i) {S(t) }+>0 is continuous in the uniform operator topology for all t > 0.
(i) S(t) is compact for each t > 0.
Then
(a) limp_q | S(t + h) — S(R)S(t)|| = 0 for all t > 0;
(b) limp_0 ||S(t) — S(R)S(t — h)|| = 0 for all t > 0.
Proof. We first prove (a). Let € X with [[z| < 1,¢ > 0 and € > 0 be given. From (ii) we

deduce that the set Wy := {S(¢)x : ||| < 1} is also compact. Thus, there exists a finite family
{S(t)x1,S(t)xa, ..., S(t)xm} C Wi such that for any x with ||z|| < 1, there exists z;(1 < i < m) such

that
€
e — Sz < ———— 2.1.
I8t = S0l < 505755 (215)
where M = sup ||S(¢)|| < oo. From the strong continuity of S(t), there exists 0 < h; < min{¢,b}
te(0,b]
such that

1S(t)z: — S(h)S(t)a:|| < (2.1.6)

€
37
for all 0 < h < h; and 1 < i < m. On the other hand, from (), there exists 0 < ho < min{¢, b} such
that

IS(t+ h)a — S(t)z

| < (2.1.7)

<
3’
for all 0 < h < hg and |jz|| < 1. Thus, for 0 < h < min{hy, h2} and ||z| < 1, it follows from
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(2.1.5)~(2.1.7) that

I1S(t+ h)x — S(h)S(t)x]|
< IS+ h)x = Szl + [|S(E)x = Szl + [|S(E)z: — S(h)S(#)2]
+5(h)S(E)zi — S(h)S(t)z]|
< S+ )z = Szl + (M + D[S@)z = SE)zi|| + 1S (t)z: — S(h)SB)ail| <e,

which implies (a).

We prove (b). Let t > 0 and 0 < h < min{¢, b}. Then, there exist M > 0 such that

[5(t) — S(h)S(t = h)|
<|[IS@) =St +h)[+ St +h) = SR)SE)| + [S(R)S(t) — S(R)S(t — h)||
<|IS®) = S+ h)|| + [|SEt+h)—S(h)S()| + M||S(t) — St — h)| (2.1.8)

which implies the desired result by (a) and (7). O

Remark 2.1.3. In contrast with the theory of Cy-semigroups, where compactness of the semigroup
implies their continuity in the uniform operator topology for ¢ > 0 [106, Theorem 3.2], the com-
pactness of a resolvent family alone is not enough to guarantee their continuity in B(X), except in

particular cases of the kernel a(t). See [107, Corollary 2 and Theorem 7).

The following is the main result of this section.

Theorem 2.1.4. Suppose that A is the generator of a resolvent {S(t)}i>0 exponentially bounded of
type (M,w) and kernel a(t) = fg(t — 8)k(s)ds — t, that is in addition compact and continuous in the
uniform operator topology for allt > 0. Let f : [0,b]x X — X be continuous with respect to the second
variable and assume that the function f(-,z) is measurable for allx € X, and ||f (¢, z)|| < a(t)(||z||+1)
for a.e. t €[0,b] and x € X, with o € L'([0,b]; X). Then there is at least one integrated solution of
(2.1.1), provided that Mbe*?||a|: < 1.
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Proof. Fix ug,u; € X and define the operator G : C([0,b], X) — C([0,b], X') by

Gu(t) = S(t)up + R(t)uy + /0 R(t — s)f(s,u(s))ds, t €[0,b],

where R(t)x —/ S(r)zdr, z € X, and ||S(t)|| < Me“? for all t € [0,b], where M > 0 and w.l.o.g.
w > 0. Then G is clearly well defined, and w is an integrated solution of (2.1.1) if and only if it is a
fixed point of operator G. Now we will show that the mapping G is continuous on C([0,b], X). Let
{un }n>1 be a sequence in C([0, ], X') with lim,,_,cc un, = u in C([0, ], X). Then

[(Gun)(t) = (Gu)(®)|| < Mbe“’b/0 I1f(s,un(s)) = f(s,u(s))|lds, te€]0,b].
Since f(s,u,(s)) converges to f(s,u(s)) in X for s € [0, ], and

1f (s, un(s)l] < als)([[un(s)] + 1),

where o € L'([0,b],R) then, by the Lebesgue dominated convergence theorem, we obtain that

G(u,) = G(u), as n — oco. This proves the claim.

We denote
={ueC([0,b],X) : ||u®)|| <R, forall te]l0,b]},

where R > 0 is given. We claim that there exists r» > 0 such that G maps W, into itself. We choose
r > 0 such that

(Me“’b||u0|| + Mbe‘“b||u1|| + Mbe“b||a||L1)(1 — Mbe“’b”ctu)_1 <7

Note that the last inequality implies
Me“P|Jug || + Mbe*®||uy || + Mbe“? ||| (r +1) < 7

Then by definition of G

IG()Il < Me®|luo|| + Mbe** [ur || + Mbe®||a| g (r +1) <7
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This proves the claim.

Now, we will prove that G : W,, — W, is a compact operator. Indeed, by the Arzela- Ascoli
theorem, we have to show that the set GW, := {Gu : u € W,} is equicontinuous, and the set
{Gu(t) : w € W, } is relatively compact in X for each t € [0,b]. Let 0 < t; <3 < band u € W,., we

have
1(Gu)(t2) — (Gu)(t2) | < 15 (t2)uo — S(t)uol| + [ R(ta)us — Rty )]
+1 / R(ts — 5)f (s, u(s))ds — / Rty — 5)f (s, u(s))ds]|
< [S(t2)uo — S(tr)uo||l + || R(t2)ur — R(t1)uy|
+ / IR(tz — 5) — R(ts — $)[[1(s, u(s))ds||ds
0

+/2 |R(t2 — s) f(s,u(s))]|ds

ty

< |[S(t2)uo — S(t1)uol| + [[R(t2)ur — R(t1)ua|

t " ta
+/0 |R(t2 — s) — R(t1 — 8)||a(s)rds + Mbe“" (r + 1)/ a(s)ds. (2.1.9)

t1
If t1 =0, then
tlimo (Gu)(t2) — (Gu)(t1)|| =0, uniformly for u € W,.
22—

If 0 < t; < b. Note that R(t)x = fg S(7)xdr and hence R(t) is a norm continuous operator. Then,
from (2.1.9) we obtain

lim  [[(Gu)(t2) — (Gu)(t1)|| =0, uniformly for u € W,.

[t1—t2|—0
Then, the set GW,. is equicontinuous on C([0,b], X), proving the first part of the claim.
Now, we will show that the set M (t) := {(Gu)(t) : u € W,.} is relatively compact in X for every
t € [0,b]. If ¢ = 0 then the set M(0) is clearly relatively compact in X. We denote g(s,u) :=
/0S ftu(t))dt, 0 < s <b, ueC(]0,b],X), and note that the hypothesis implies

lg(s, )| < |lafjpi(r+1) forall0<s<b, wueW,.

Moreover, integration by parts shows the identity

/Ot R(t—s)f(s,u(s))ds:/OtS(t—s)[/osf(T,u(T))dT}ds:/OtS(t—s)g(&u)ds.
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Let 0 < t < bbegiven and 0 < € < t. We first observe that the set {fOF6 S(t—s—e€)g(s,u)ds :u € Wy,
is bounded. Indeed, for all u € W,

t—e
I S(t — s —€)g(s,u)ds|| < Mbe“®||a| 1 (r +1).
0

Thus {S(e) Ot_e S(t—s—e€)g(s,u)ds: u € W} is relatively compact, since S(e) is compact, and the
set {fot*E S(t—s—e€)g(s,u)ds: u € W,} is bounded.

Moreover, for all u € W,
t—e t—e
Hﬂd/ ﬂnw—mwww—/ S(t — s)g(s, u)ds]
0 0

</_W“@ﬂ*w—d—sa—ﬁwmpu+n@
0

Moreover, since S(t) is compact and continuous in the uniform operator topology for all ¢ > 0. Then

by part (b) of Lemma 2.1.2, we have that
S(e)S(t—s—e)—S(t—s)—0, as e—0 for se€][0,t—¢

and

/Ote 1S(€)S(t — s —€) — S(t — s)||ds < ((Me“?)? + Me“P)b.

From the Lebesgue dominated convergence theorem, it follows that

t—e t—e

lim ||.S(€) S(t—s—e)g(s,u)ds — S(t —s)g(s,u)ds|| = 0.
e—0 0 0

Moreover,

||S(e)/06 S(t—s—e)g(s,u)ds—/o S(t — )g(s, u)ds|

t—e t—e
<[I5(e) ; S(t—s—e€)g(s,u)ds — ; S(t— s)g(s, u)ds|
t—e

+ | S(t—s)g(s,u)ds—/ S(t— 8)g(s,u)ds]|
0 0
§||S(e)/0 S(t—s—e)g(s,u)ds—/o S(t—s)g(s,u)ds“—l—/ti Me*? ||| pirds.

Thus,

t—e

lim ||.S(€) St —s—e)g(s,u)ds — /o St —s)g(s,u)ds|| = 0.

e—0 0
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Then, {f(;5 R(t—s)f(s,u(s))ds :u e W,.} = {fot S(t—s)g(s,u)ds : u € W, } is relatively compact in
X by using the relative compactness of the set {S(e) Ot_e S(t—s—e€)g(s,u)ds : u € W, }. Hence, the
set M(t) = {(Gu)(t) : u € W,.} is relatively compact in X for each ¢ € [0, b], proving the claim.

Hence, by Schauder fixed point theorem, we conclude that (2.1.1) has an integrated solution. [

Remark 2.1.5. The hypothesis || f(s,z)| < a(s)(||z|| + 1), a € L'([0,b],R), also has been considered
previously in [8, Theorem 5.2.2] in order to prove the existence of mild solutions for a class of

semilinear differential inclusions in a Banach space X.

2.2 Nonlocal initial conditions

Let X be a Banach space, 4 : D(A) C X — X be closed and linear operator and k € L'(R,) be a

scalar memory kernel. We consider the problem

W (8) + Au(t) — (k * Au)(t) =f(t,u(t)), te[0,b], (2.2.1)

where g,h : C([0,b]; X) — X are continuous maps and f : [0,b] x X — X. We set the following

conditions.

(H1) A generates a exponentially bounded resolvent {S(t)};>0 of type (M,w) and kernel a(t) =
[5(t — s)k(s)ds — t.

(H2) g, h are compact maps.
(H3) The function f(-, z) is measurable for all x € X and f(¢, ) is continuous for almost all ¢ € [0, b].

(H4) There exists a function m € L([0,b]; R") and a nondecreasing continuous function ¢ : R* —

Rt such that
£t ) <m@)e(z]]),

for all z € X and almost all ¢ € [0, b].
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(H5) There exists a function H € L'([0,b]; RT) such that for any bounded S C X

§(f(t,5)) < H)E(S),

for almost all t € [0, b].

We introduce the following definition.

Definition 2.2.1. A function u € C([0,b], X) is called a nonlocal integrated solution of the equation
(2.2.1) if u satisfies

u(t) = R(t)h(u) + S(t)g(u) + /0 R(t — s)f(s,u(s))ds, te€]0,b], (2.2.2)

t
where R(t)x := / S(r)xdr, z € X.
0

The following is the main result of this section.

Theorem 2.2.2. Suppose that A satisfies (H1), g,h : C([0,b]; X) — X satisfies (H2), f :[0,b] x
X — X satisfies (H3)-(HS5), and there exists a constant R > 0 such that
b
Me®?(hp + bgr + bqb(R)/ m(s)ds) < R, (2.2.3)
0

where gr = sup{||g(w)] : ||ul]lcc < R} < 00, and hg := sup{||h(u)| : ||u]lcc < R} < co. Then the

problem (2.2.1) has at least one nonlocal integrated solution.

Proof. Define the operator F' : C([0,b], X) — C(]0,b],X) by

Fu(t) = S{t)h(u) + R(t)g(u) + /0 R(t — s)f(s,u(s))ds, te€][0,b],

¢
where R(t)x := / S(r)adr, x € X. We will show that the mapping F' is continuous on C([0, b], X).

0
Indeed, let {u,}n>1 be a sequence in C([0,b], X) with lim, oo u, = u, for the norm of uniform

convergence. Then

1(Fun) () = (Fu)(®)] <Me** | h(un) = h(w)|| + Mbe*|lg(un) — g(u)]
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+Mbe“b/0 1f(s,un(s)) — f(s,u(s))|lds, te]0,b],

where w.l.o.g. w > 0. Since g, h are continuous maps, we obtain g(u,) — g(u), and h(u,) — h(u)
as n — oo. Moreover, since f satisfies hypotheses (H3), by the Lebesgue dominated convergence

theorem, we obtain that F'(u,) — F'(u), as n — oo. This proves the claim.

Define the set
Br={ucC([0,b],X) : |lu(®)|| <R forall te][0,b]}.
Then
[Fu()]| <[|SE®)Rw)] + [ R(t)g(w)ll + /Ot [R(t = 5)f(s,u(s))llds
<M+ bgn -+ b0(F) [ " m(s)ds) < R

Then, F' maps By into itself, and F'(Bg) is a bounded set. On the other hand, as in the proof of

Theorem 2.1.4, we get that the set F'(Bg) is an equicontinuous set of functions.

Now, we define the set 2 := ¢o(F(Bg)). By Lemma 1.4.3 such set 2 is equicontinuous. Since

2 C Bp, we conclude that the map F' : 2f — 2 is continuous and F'(2) is a bounded set of functions.

Let € > 0 be fixed. By Lemma 4 there exists a sequence {vy, }nen C F () such that {(F(A)) <
26({un(t)}22) + e < 2¢( fg{R(t —5)f(s,un(s))}32,ds) + €, where in the second inequality we have
used the compactness of h and g. By hypotheses (H4) and (H5), we have that

EP@)(©) <M’ [ ({5, ()} )ds +
<015 [ HEE (9} )ds + ¢
0
< 4Mbe“by(A) / H(s)ds + e.
0

By the hypotheses (H5) we have H € L*([0,b];RT). Then for o < 37557 there exist ¢ € C([0,b],R™)
such that fob |H(s) — ¢(s)|ds < a. Hence

E(F()(1)) <AMbe ()] / H(s) — ols)|ds + / o(s)ds] + ¢
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<AMbe y(A)[o + Nt] + €
where N = ||¢||oo. Then, we have
EF)() < (a4 ct)y(A), where a=4aMbe*® and ¢ =4MNbe?, (2.2.4)

Let € > 0 be given, then by Lemma 4 there exist a sequence {wy, fnen € ¢o(F(2)) such that
EF@0(0) <26( [ 1Rt~ 901 (ssun(s)))32005) +
<aabet [ e 1o, w(o))ds +
0
t
<aatbe” [ H(s)g(eo(F (@)(s)) + <
0
¢
:4AﬂmWf/ H(s)E(FY(A)(s)) +e.
0
By (4.2) we have that

E(F2(A)(2)) §4Mbe‘“’b/ [1H (s) — @(s)] + [o(s)l](a + cs)y(A)ds + €

2
< AMbe*(a + ct)y / |H (s) s)|ds + AM Nbe“Py(2) (at + %) +€
ct?
< (ala+ ct) + c(at + 7))’)/(91) +e€
2
< (a® + 2act + %)V(Ql)

By induction, for all n € N,

P @) < (@ + Cpater+ cgan2 By (D

where C, denotes the binomial coefficient (2‘), for 0 < m < n. Moreover, F(2) is an equicontinuous

set of functions for all n € N. Thus, by Lemma 2

2 "
Y(F"R)) < (a" + CFa" e+ CFa™ 25 ot ) (),
Since 0 < a < 1 and ¢ > 0, by Lemma 3 there exist nyg € N such that
t)? t)mo
(a™ 4 CToa™ et + CHoa™ 2 (62') (e )' y=r<1.
: UNE

Therefore, v(F™ (A)) < ry(2). Then F has a fixed point in 2 by Lemma 1.4.8.
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2.3 Examples

Example 2.3.1. We set X = L*([0,1]), and we consider Az(§) = % with domain D(A) = {z €
H?[0,1] : 2(0) = z(1) = 0}. It is well known that A generates a bounded analytic semigroup on
L?[0,1], see [55, Example 4.8]. Let a(t) =1 + 4 B_ *8 e~ where —a < B <0 < a. We will prove that
a(t) is completely positive. See Definition 1.1.6.

Indeed, we have

oy AtTa+p
=0T
then
O 4 —a'(A) A2 +2(a+ BN+ af +o?
() Ata+p " aVE T A +a+B)?

a/(

If we denote ¢1(\) = )\&1()\) and co(A) = [a()\)]z), then we obtain that

(1n)(>\) ( )"+1ﬂn'

(n) (_1)n+15(a+5)(n+ 1)!
SN o=
()\ +a+ ﬁ)n—i—l

and ¢, Ot atp)n? for neN.

Since —a < B < 0 < a, ¢1 and co are completely monotone. We conclude that a is completely

positive.
Letp:[0,1] x [0,1] — R be Hilbert Schmidt, i.e.

1 1
/0 /0 Ip(z, y)|Pdady = ¢ < . (2.3.1)

Given —a < <0< a, and s > we consider the following problem

2]% ’

t g —a s a f ' 1
3552 ) 852 / afe(t=9) 2(532 )d :t/o sin(u(t, s))ds, t,& € [0,1],

u(t,0) =u(t,1) =0, tel0,1],

1 (2.3.2)
u(0,€) = / sp(€ u(l/2,p)dy, €€ [0.1]

1
F0.0= [Csemua/znm. ¢<o)

The problem (2.3.2) can be rewritten as
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u(0) = g(u). (2:33)

with k(t) = —afe=*t € LY(R,), and g,h : C([0,1]; X) — X are explicitly given by
9g(u) = skg(u(1/2)),  h(u) = skn(u(1/2)), (2.3.4)

with (kgv)(€) = (knv)(€) = fy p(&y)v(y)dy, for ve L2[0,1], €€0,1] and f(t,¢) =t [, sin(¢(s))ds.

We will prove that the hypotheses (H1) - (HS5) are satisfied.

(H1) From the above, a is completely positive. Thus, by [109, Theorem 4.2] the operator A generates
a resolvent operator S(t), which is exponentially bounded and of type (M,w).

(H2) By [110, Theorem 8.83] g and h are compact maps.
(H3) Is clear.
(H4) Note that,
£t 8l Sllt/olsin(qb(S))dSII < m(t)o([|z[]),

where m(t) = |t|, and ¢(z) = 1.

(H5) Since
1f(t 01) — f(t d2)ll = ||t/01(sin(¢1(s)) — sin(¢a(s)))ds|| < [tlllor — poll < ll¢1 — ¢2]l.
Thus, by Lemma, 1.4.2,
§(f(t,9)) < &(5) < H(1)E(S),

with H(t) = 1, for all bounded S C X,t € [0,1].

Then, we have that conditions (H1)- (H5) are satisfied. Now, we will prove that the inequality (2.2.3)
is satisfied. Since m(t) = |t|, and ¢(z) = 1, then we have to find R > 0 such that

M (i + g + QS(R)/O m(s)ds) = M{hn+ gn + 3) < R.
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Indeed, by [110, Lemma 8.20], we have || kq(v)| < c|lv||, for v € X, where c is given in (2.3.1). Then

gr = sup{llg(u)| : [lulloo < R} = sup{[lsky(u(1/2))] : lull < R}

< sup scf|(u(1/2))| < scR.
ull <R

Thus, gr + hr < 2Rcs, so M(hr + gr + %) < M(2Res + %) Since s < Q—J\l/[c, we have that for all
R> % the inequality M (hgr + gr + %) < R is fulfilled. Then, all the hypotheses of Theorem
2.2.2 are satisfied and we conclude that the problem (2.3.2) has at least one nonlocal integrated so-

lution.

Example 2.3.2. We set X = ¢y(N), and we consider Az = Myz = q - z where, ¢ : N — C with real
part bounded above, and domain D(A) = D(M,) ={z € X : gz € X}. Then, A generates a strongly

ﬁefat
a

continuous semigroup S of type (M;w) on X, see [55, Lemma, pag 65]. Let a(t) = 1+ g —
where —a < B <0 < a. Then a(t) is completely positive by Example 2.3.1. Given —a < <0 < «,

we consider the following problem

() + Au(t) - (k= Au)(t) = F(t,u(t)), te0,1]

u(0) = g(u), (2.3.5)
u'(0) = h(u),
where f:[0,1] x X — X is given by
t o]
f(t.2) =m@{in(zi + 1) + 5} fort € 0,1], = = {mihi € <o, (2.3.6)
k(t) = —aBe € LY(Ry), m € LY([0,1];RT), such that fol m(s)ds # 517, and co represents

the space of all sequences converging to zero, which is a Banach space with respect to the morm
[#lloc = supy, |2k|.
Let x = (117,0,0,0...). Define g,h: C([0,1]; X) — X are explicitly given by

g(u)k = u(1/2)ka:k, h(u)k = u(l/S)kxk, ke N. (2.3.7)

We will prove that the hypotheses (H1) - (H5) are satisfied.

(H1) For the above, a is completely positive. Thus, by [109, Theorem 4.2] the operator A generates
a resolvent operator S(t), which is exponentially bounded of type (M,w).
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(H2) Since g and h are bounded with finite rank, then g and h are compact maps.
(H3) Is clear.

(H4) Note that,

1t @)oo =m(®)[|(In(lzx| + 1) + %)klloo < m(t)(sgp k| +1)

<m(t)(|zlloc + 1) := m(t)p(]|]loc),
where ¢(z) = z + 1. This shows that (H4) holds.

(H5) The Hausdorff measure of noncompactness & in the space co can be computed by means of the

formula

§(B) = lim sup [|(I — Pp)x[|oo,

N0 zeB
where B is a bounded subset in cy and P, is the projection onto the linear span of the first n
vectors in the standard basis. The reader can see [8, 1.1.9, p. 5]. Analogously to [23, Example
5.1, p. 227] we obtain

§(f(t, B)) < m()¢(B). (2.3.8)

Then, we have that conditions (H1)- (H5) are satisfied. Now, we will prove that the inequality (2.2.3)
is satisfied. Since ¢(z) = z + 1, then we have to find R > 0 such that

1 1
M(hR+gR+¢(R)/ m(s)ds) :M(hR+gR+(R+1)/ m(s)ds) <R (2.3.9)
0 0
Note that,
= sup{lg(@)]| : [ulloo < B} < =, b = sup{[[h(w)]| : [[ulloo < R} <

Therefore, since that fol m(s)ds # ﬁ, then for all R > %
0

fulfilled. Then, all the hypotheses of Theorem 2.2.2 are satisfied and we conclude that the problem

the inequality (2.3.9) is

(2.3.5) has at least one nonlocal integrated solution.



Chapter 3

Asymptotic behavior of mild
solutions for a class of abstract
nonlinear difference equations of

convolution type

In this chapter, we consider the following abstract difference equation of convolution type
u(n+1)= Z aln —k)Au(k+1) + an k) f(k,u(k)), n € Z,
k=—oc0 k=—oc0
where A : D(A) C X — X is a closed linear operator on X, f € IY(Z x X, X), and a,b: Z, — R

are given bounded positive sequences. Note that the associated nonhomogeneous linear equation is

given by

n

u(n+1) = Z a(n —k)Au(k+1) + an k)f(k), n € Z. (3.0.1)

k=—o0

39
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3.1 Discrete resolvent families

In this section, we introduce the notion of discrete resolvent family of bounded and linear operators.
This concept will be a crucial tool for the solution of equation (3.0.1). The understanding of the
qualitive properties of this families provide insights on the qualitative behavior of the solutions of

(3.0.1).

Definition 3.1.1. Let A be a closed linear operator with domain D(A) defined on a Banach space
X. Let a and b be scalar valued sequences. An operator-valued sequence {S(n)}nen, C B(X) is

called a discrete resolvent family generated by A if it satisfies the following conditions

1. S(n)(X) Cc D(A), and S(n)Az = AS(n)zx for all z € D(A), and n € Ny;

2. S(n)x =b(n)x + AZa(n —k)S(k)x for n € Ny and x € X.
k=0

Remark 3.1.2. Note that Definition 3.1.1 corresponds to the resolvent sequence defined in [1, 10]

when b(n) = a(n) = k*(n) = FF(&J;:!), for a > 0, n € Ny. Sequences of operators for abstract

difference equations with the kernel k*(n) were introduced by Lizama in [94] and [93] in connection

with abstract difference equations of fractional order.

Remark 3.1.3. If a(0) = b(0) = 1, then by Definition 3.1.1 we have that
S0)z =z + S(0)Az, x € D(A)

and

S(0)x =z + AS(0)zx, z € X.

Therefore 1 € p(A) and
S(0)r = (I —A) 'z,

Here, p(A) denotes the resolvent set of A.

Proposition 3.1.4. If 1/a(0) € p(A), and there exists a discrete resolvent family corresponding to
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the kernels a and b, then it is unique.

Proof. Suppose that S(n) and R(n) are resolvent families generated by A. Let € X and define
p(n) = S(n)x — R(n)x, n € Ny. Note that ¢(n) € D(A) for all k € Ny and

p(n) =AY a(n—k)p(k). (3.1.1)
k=0

Let us consider two cases according to whether a(0) = 0 or a(0) # 0. In the case a(0) = 0, expanding
the sum in (3.1.1), we obtain ¢(n) = 0 for all n € Ny. If a(0) # 0, then by Definition 3.1.1, and
since 1/a(0) € p(A), we obtain S(0) = b(0)(I — a(0)A)~! = R(0). Therefore »(0) = 0. Using
(3.1.1), we obtain (I — a(0)A)p(n) =0 for all n € Ny. Then, the invertibility of (I — a(0)A) implies
S(n)x = R(n)x for all n € Ny and = € X. O

Remark 3.1.5. Note that if b(0) # 0, then %(1 — Aa(0))x = z for all x € D(A). Thus combining
with Definition 3.1.1 part (), we have 1/a(0) € p(A). Then the conclusion of the previous theorem

holds.

Theorem 3.1.6. If A is a closed linear operator defined on a Banach space X. Then, A is the
generator of a discrete resolvent family {S(n)}nen, C B(X) with a(n) = b(n) if only if ﬁo) € p(A).
Moreover, the discrete resolvent family {S(n)}nen, C B(X) is given by

S(n)x = [z_:o ﬁqﬁj(n)(T —)T%z, n>2, forall xz € X, (3.1.2)

where T := (I — a(0)A)~Y, and ¢o(n) = a(n), ¢i(n) = Zz;ll a(n —k)a(k),

and

¢j(n) =) aln—k)p;1(k), j=2, (3.1.3)
and for all x € X we have that S(0)x = a(0)Tx, S(1) = a(1)T?x.

Proof. If A is the generator of a discrete resolvent family {Sq(n)}nen, € B(X), then ﬁ € p(A) by
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Remark 3.1.5. On the other hand, we suppose that ﬁ € p(A), and we will prove that {S(n)}nen,

is a discrete resolvent family generated by A.

First, we will prove (1) in Definition 3.1.1. Tt is clear that, S(n)X C D(A). Note that,

J — _ 1 1 J — 1 Jj _ i—1
AT7 = (A a(O)I+a(O)I)T _a(O)(T T77%),
and
J A — 7 _ 1 1 — 1 Jj _ i—1
T'A=T'(A a(0)1+a(0)1)_a(0)(T T77%).

Therefore, for all z € X, it is a straightforward consequence of the above representation of S(n) that

S(n)Axz = AS(n)z for all z € D(A), and n € Ny.

Now, we will prove (2) in Definition 3.1.1. It is clear that S(0)z = a(0)Tz, satisfies the condition
(2) in Definition 3.1.1 for n = 0. Now, let z € X, we have that

then,

Thus,
Sz =a(l)z + A(a(1)S(0) + a(0)S(1))zx,

where we have used that T' = a(0) AT +1 and S(0)x = a(0)Tx. Therefore S satisfies the condition (2)

in Definition 3.1.1 for n = 1. In what follows of the proof we write ﬁo)(T —1I) as AT. By induction,

we suppose that
m—1
S(m)z =Y ¢;(m)(AT)]T%z,
j=0
satisfies the condition (2) in Definition 3.1.1 for m < n— 1. For € X we write, using the definition:
n—1 )
S(n)z =[y_ ¢;(n)(ATY|T*
j=0
n—1 )
=a(n)Tz + ¢1(n) ATz + [ ¢;(n)(AT)|T?x.

Jj=2

By the definition of ¢;(n) in (3.1.3), we obtain
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S(n)x = a(n)T?x + ¢1(n)AT3z + | ‘ a(n —m)p;_1(k)(AT)/|T?x.

n—1ln

[
[\
3
I

J
Now by Fubini’s Theorem,

|
—

S(n)x =a(n)T?x + ¢1(n) ATz + | Z a(n —m)p;—1(m)(AT) Tz
—1

=a(n)T?%x + ¢1(n)AT3z + | a(n —m)p;(m)(AT)I T2z
2 j=1

m

3 3
Ll
<

3

3
U

Thus, by definition of ¢o(n), ¢1(n), and induction hypothesis,

S(n)z =a(n)T?z + ¢1(n) ATz + i a(n —m)

m=2

-1

3

™

¢j(m)Aj+lTj+3;L'
1

I~
=

n m—1

=a(n)T?%z + Z a(n —m)a(m)AT3z + a(n —m) Z b;(m)ATTITI+3

m=1 m=2 j=1
n—

=a(n)T?z + a(n — 1)a(1) ATz + AT? a(n —m)a(m)x+

m=2
n—1 m—1
S an—m) 3 by(m) AT
m=2 j:l
n—1
=a(n)T?z + a(n — 1)a(1)AT3z + Z a(n —m)[a(m)AT3z+
m=2
m—1
S 6y (m) AT
j=1
n—1 m—1
=a(n)T?z + a(n — 1)a() ATz + > a(n ¢ (m)ATHITIH3
m=2 ]=0
n—1
=a(n)T?z + a(n — 1)a(1)AT3z + A Z a(n —m)S(m)Tx.
m=2
Thus, for z € X,
n—1
S(n)x = a(n)T?z + a(n — 1)a(1)AT3z 4+ A Z a(n —m)S(m)Tx.
m=2

Composing by the operator (I — a(0)A) on both sides of the above identity we obtain,

43
(3.1.4)
(3.1.5)
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(I —a(0)A)S(n)x = a(n)Tx +a(n — 1)a(1)AT?z + A i a(n —m)S(m)x.

Thus,

S(n) = a(n)Tz + a(n — 1)a(1)AT?z + a(0)AS(n)z + A Z a(n —m)S(m)z.

Therefore, since that T'= I + a(0) AT,

S(n) = a(n)(I + a(0)AT)z + a(n — 1)a(1)AT?z + a(0)AS(n)z + A i a(n —m)S(m)x
a(n)z + a(n)a(0)ATz + a(n — 1)a(1)AT?z + a(0)AS(n)x + A i a(n —m)S(m)x.

m=2

As a(0)Tz = S(0)z, and a(1)T?z = S(1)z, we have

S(n)x =a(n)r + a(n)AS(0)x + a(n — 1)AS(1)x + a(0)AS(n)z + A Z a(n —m)S(m)x

x+ A Z a(n —m)S(m)x.
m=0

The next theorem gives necessary conditions in terms of Cy-semigroups in order to ensure the

existence and summability of a discrete resolvent family. We will denote by fx*g := fg flt—s)g(s)ds,

efttn

the Laplace convolution of the functions f and g, and p,,(¢) will be the function p,,(t) =

n!

Theorem 3.1.7. Let A be the generator of a bounded analytic Cy—semigroup on a Banach space
X. Let k(t),g(t) > 0 be given by a(n) = [;° pn(t)k(t)dt, b(n) = [;° pu(t)g(t)dt, where k € L}, (Ry)
is 2-reqular and of subexponential growth of positive type, such that —— )\k o)) defined for A # 0, has
a locally analytic extension at A = 0, g(0) = 0, g € WHH(R,), and 0 € p(A). Then A generates a

summable discrete resolvent family {R(n)}nen,, with sequences b(n) and a(n).
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Proof. By [109, Corollary 3.1] E()\) # 0, ﬁ € p(A) for all ReX > 0, and there exists a constant

M > 1 such that H(\) = (I — k(A\)A)~'/A satisfies |[H(A)|| < %, for all ReA > 0. Then, by [109,

Theorem 10.2] there exists a resolvent family S(¢) which is uniformly integrable. By [109, Definition
1.3,(S3)] for all x € X and ¢ > 0, we have that,

St)r =z + A(k*S)(t)x. (3.1.6)

Define T'(t)z := (¢’ * S)(t)z, for all z € X, and ¢t > 0. Note that, T(t) € L*(Ry, X), since S(t) uni-
formly integrable and ¢’ € L*(R, ). Moreover, since g(0) = 0, it follows that (¢’ x1)(t) = (fg’(s)ds =
g(t). Thus, for all z € X, and t > 0, we obtain from (3.1.6):

T(t)e =(g'* () + Ak = ' * S)(t)a,

=g(t)x + Ak« T)(t)z.

Define

ey for alln € Ny, z € X,

e DN
R(n)z / pn(T()xdt o Gy~

then, R(n)z € D(A) for all z € X. Now, from a(n) = [ pn(t)a(t)dt, and b(n) = [~ pa(t)g(t)dt,
and using [94, Theorem 3.4], we have that for all x € X,

R(n)x = b(n)x + AZ a(n — j)R(j)x.
j=0

Finally, we prove that R(n) is summable. In fact, since that T'(t) € L*(R,, X), we have that,

[e’e} o0 —tyn
0 0

> = > e 't >
[R(m)] =) n(OT()dt]| = )| T(t)dt|| < IT'()]ldt < oo.
S Ime=2 1] 1) J, o<

n!

O

Remark 3.1.8. We note that the family 7" defined in the previous theorem is the convolution of a
function ¢’ with a resolvent family S. The resolvent families have been studied extensively by Priiss
in [109]. It is well known that under certain conditions on the function k, we can obtain resolvent
families with various additional properties: analytic, differentiable, exponentially bounded, uniform
integrable, among others, see [109]. Next, we will give conditions on g in order that the family T

have the same properties of S.
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e By Young’s inequality, if S(¢) is uniformly integrable and ¢’ € L'(R, ), then T(¢) € L' (R, X).

e Suppose that S is differentiable, then by [109, Definition 1.4] we see that S(-)z € W (R, X)

loc

for each € D(A) and there is p € L}, (Ry) such that ||S(t)z]| < ¢(t)]|z]|a a.e on Ry, for
each = € D(A). If g € Wo'(Ry), then T(t) € W11 (R,). Moreover,

I )00l <ISO) Oel + 1 [ 8¢ =15/ wasl < ariada 0 [ 1500 s)olas
< Mlela + M [ (e~ 9lalads < M+ ol
0

where M = sup |¢'(t)|, and K = Mfot ©(t — s)ds. Thus T'(t) is differentiable.
teR 4

Remark 3.1.9. The conditions on the sequences a(n) and b(n) are sufficient but not necessary. In [1,
Theorem 3.5] the authors proved that if 0 < a < 1 and A be the generator of an exponentially stable
Co — semigroup {T(t)};>0, defined on a Banach space X, then A generates a summable discrete

resolvent family {S4(n)}nen, defined by

oo o0 tn
n)x = / / e_t—'f&a(t)T(s)xdsdt, n €Ny, z € X,
o Jo n!

where f; o()\) is a probability density function frequently called stable Lévy process. The latter is
defined by [116]

1 o+1i00 o
ft,a()\):—/ A2, 0>0,t>0, A>0,0<a <1,

2718 J o —iso

where the branch of z¢ is so taken that Re(z®) > 0 for Re(z) > 0.

Now we describe properties for the convolution products (1.2.2) and (1.2.1).

Theorem 3.1.10. For f, g, h given sequences, the following properties hold:

(1) (f *9)(n) = (g f)(n).
(ii) ((f xg)oh)(n) = (go (foh))(n).
(i) (g o (foh))(n)=(folgoh))(n).
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Proof. (i) is obvious. Now, we will prove (iz). By Fubini’s Theorem,

((frg)omm) =3 (fxg)n—nh()= > > fln—j=kglk)h()
j=—o00 j=—o00 k=0
e n—~k [eS)
=Y gk) > fln—j—kh() =D gk)(foh)(n—k)
k=0 j=—o0 k=0
= > (fom)(i)gn—4) = (go (foh)(n)
This proves (i7). Now, (iii) follows from (i) and (ii). O

We next with the definition of strong solution for the equations (3.0.1).

Definition 3.1.11. Given a,b € s(Z, X) bounded positive sequences, and f € I*(Z, X), a sequence
u : Z — [D(A)] is called a strong solution for equation (3.0.1) if u € I*(Z;[D(A)]) and satisfies
(3.0.1).

The following theorem gives conditions for better regularity.

Theorem 3.1.12. Let {S(n)}tnen, C B(X) be a summable discrete resolvent family generated by A,
and f € I1(Z,[D(A)]), then
u(n+1) Z S(n —
k=—o0

is a strong solution of (3.0.1).

Proof. Note that u is clearly well defined and u € I1(Z, [D(A)]). Now we will prove that u satisfies
(3.0.1). Indeed, by Definition 3.1.1 and Theorem 3.1.10,

wn k1) = 3 bln— B =(S o P)n) — o m) = 3 S(n— k)Fk) — (bo F)(n)
k=—o0 k=—o0
n n—=k
= > B -k + A aln—k—DSOIfK) — (bo f)(n)

k=—o0 =0



CHAPTER 3. ASYMPTOTIC BEHAVIOR OF MILD SOLUTIONS 48

=(bo f)(n) + AlaxSo f)(n) = (bo f)(n)
=A Z u(j +1).
k=—oc0

Thus,

n

u(n+1) = Z bn—4)f(j)+A Z a(n —jlu(j +1).

k=—o0 k=—00

This proves the claim. O

Example 3.1.13. Consider the special case a(n) = b(n) = k*(n),n € Z and {S(n)}nen satisfying

the Definition 3.1.1, then the nonlinear fractional difference equation
A% (n) = Au(n+ 1) + f(n),n € Z,

for 0 < a < 1, can be written in the form (3.0.1). Here, A is the generator of an « resolvent sequence
{8(n)}nen, in B(X), A% denote fractional difference in Weyl-like sense (see [1, 10] ) and f satisfies
Lipschitz conditions of global and local type.

Now if
A% (n) = Au(n+ 1) + f(n),
then,
>k n—k)A%u(k) =A > k*(n—k)u(k+1) + Z E*(n — k) f(k).
k=—oc0 k=—oc0 k=—o0
Note that,
n+1
Z E(n—k) (k' ou)(k+1)= > k*(n—m+1)(E"*ou)(m) = (k"o (k' ou))(m+1)
k=—oc0 m=—o0o
m—+1
= ((kx k") ou)(m+1)= > u(k).
k=—oc0
Analogously,

n m

ok n—k)(E T ou)(k) = > ulk).

k=—o00 k=—o0
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Thus,
> k- k)A (k) = Yk (n— k)K" ou)(k+1) = (k' o u)(k)]
k=—oc0 k=—oc0
n+1 n
= Z u(k) — Z u(k) = u(n +1).
k=—0c0 k=—oc0
Then,

n

u(n +1) AZk"‘nf u(k+1)+ > k*(n—k)f(k).

k=—o0 k=—o0

In the next result, borrowing ideas from [10], we prove regularity under convolution in the above

mentioned spaces.

Theorem 3.1.14. Let py, p2 € V, be given. Assume that A generates a summable discrete resolvent
family {S(n)}nen, C B(X). If f belongs to one of the spaces Q € M(Z,X) then the sequence u
defined by

u(n+1) ZSn— ), n €Z,

k=—o0

belongs to the same space €.

Proof. Note that u(n + 1) is well defined and |u(n 4+ 1)|| < ||S||1l|f|lco, for all n € Z. First, we
consider f € WPAA4(Z,X). Let f = f1 + fo, where f1 € AA4(Z,X) and fo € PAAGS(Z, X, p1,p2)
be the decomposition of f. Then

Z Sn—1-k)fi(k Z S(n—1—=k)fa(k) =t ur(n) + uz(n).

k=—c0 k=—c
From [11, Theorem 2.12], u; € AA4(Z,X). Now, we will prove that us € PAAS(Z, X, p1, p2).
Indeed,

Z I Z S(k—=1=35)f205)llp2(k)

—K j=—o0

Z [[uz (k)| p2(k (
) &S] 1 K
< Z T Kop) k;K||f2(k*1*m)||Pz(k))~
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By [117, Lemma 10] the space PAAyS(Z, X, p1, p2) is invariant under translations, then fo(- —m) €
PAAyS(Z,X, p1,p2). Thus, by the Lebesgue dominated convergence theorem, we obtain

lim Z [luz (k)| p2(k) = 0.

K—oco V K p1)

This proves the claim for such space. Now, let f € WPSAP,(Z,X, p1,p2). Then, there exists
w € Z* \ {0} such that

n

Z,oQ ) f(k+w) = f(R)]| = 0.

n~>oo y

Now, we have

S 3 )~ u(n) (o)

n=—m

m

Z Z [S(n =1 =Rl f(k+w) = F(F)llp2(n)

n=—mk=—oco

<D ISWIG— (m ™) Z 1f(n =1 =k +w) = f(n—1—k)[p2(n)).

k=0

By [118, Lemma 2.2) WPSAP,(Z, X) is invariant under translations. Thus, applying again the by

Lebesgue dominated convergence theorem, we obtain

m

lim Z u(n +w) —u(n)[[p2(n)

m—o0 y m pl

< Jim SISO (s 3 a1 k) = S0 = 1= Rlata)) =0
k=0

n=-—m

3.2 Semilinear difference equations

In this section we use the above defined resolvent families to investigate the existence and uniqueness

of solutions for the following class of abstract semilinear difference equations:

n

uln+1)=A Z u(k+1)+ > b(n—k)f(kuk)), n € Z, (3.2.1)

k=—o0 k=—o0
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where A is the generator of a discrete resolvent family {S(n)}nen, in B(X), f: Zx X — X is a

bounded function on bounded sets of X and a, b are given such that (3.2.1) makes sense.

We introduce the following conditions in order to prove our main results about asymptotic be-

havior of mild solutions.

(H2) A is the generator of a summable discrete resolvent sequence {S(n)}nen, C B(X).

(F1) f satisfies the Lipschitz condition:
I|f(k, h(k)u) — f(k, h(k)v)|| < L¢|lu —v||, for all k € Z,u,v € X,

where Ly > 0 is a constant and h is given in Lemma 1.4.12.

(F2) f satisfies the local Lipschitz condition, that is, for each positive number r, and all u,v € X

with ||ul] < 7, |jv]| < 7, we have
Il f(k, h(k)u) — f(k, h(k)v)|| < Lg(r)|lu—v|, for all k € Z,

where Ly : RT — R™ is a nondecreasing function and h is given in Lemma 1.4.12.

(F3) f satisfies the following condition:
1]k, h(k)u) = f(k, h(k)v)l| < Ly (k)[lu = vl|, for all k € Z,u,v € X,

where Ly : Z — R™ is a summable function and h is given in Lemma 1.4.12.

(F4) f satisfies
I f(k, h(k)u) — f(k, h(k)v)|| < é(]lu —v]|), for all k € Z,u,v € X,

where ¢ : Rt — RT is a nondecreasing function and h is given in Lemma 1.4.12.
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(F5) f satisfies
| f(k,u) — f(k,v)|| < Ly(k)|Ju—v||?, for all k € Z,u,v € X,

where 6 € (0,1), Ly : Z — R" is a sequence (depending on f) such that lim L(k) =0.

|k|—o00

Next we introduce the definition of solution for the semilinear difference equation.

Definition 3.2.1. Let A be the generator of a discrete resolvent family {S(n)}nen, € B(X), and f :
Z x X — X. We say that a sequence u : Z — X is a mild solution of (3.2.1) if k — S(n—k) f(k, u(k))

is summable on Ny, for each n € Z and u satisfies

uln+1)= > S(n—k)f(k,u(k)), n€Z

k=—o00

In the next theorems 3.2.2, 3.2.3 and 3.2.4, we show existence, uniqueness and asymptotic behavior
of discrete mild solutions of (3.2.1). We assume that f satisfies Lipschitz and locally Lipschitz

conditions, the proofs are based on the Banach fixed point theorem.

Theorem 3.2.2. Assume that (H2), (F1) hold and L¢||S||1 < 1, then there is a unique mild solution

u(n) of (3.2.1) such that lnl‘iinoo ”ZEZ;' =0.

Proof. Consider the operator F : C)(Z, X) — CY(Z, X ) defined by

n—1
(Fu)(n):= Y S(n—1-k)f(ku(k),n€Z, (3.2.2)

k=—o00

Note that F' is well defined. Indeed,

[(Fu)(n)]| < 2_: [1S(n =1 = k)|[Ilf(k, u(k)) — f(k,0)[| + Z_: [1S(n =1 =k)|[Ilf (%, 0)]
k=—00 k=—o0

<Ly lIS[luffwlln + 11511y sup [Lf (k, 0],
kEZ
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hence lim 7“(FU>(H)”
and n € Z the following inequality holds,

= 0, which implies that F' is well defined. In addition, for u,v € Cg(Z,X)

n—1

I(Fu)(n) = (Fo)(m)ll < Y 1S(n =1 = k)IlILf(k, u(k)) = fk,v(®)] < Ly[ISlhllw = vlln,

k=—o0

therefore, ||Fu — Foll, < Ly||S]l1]lu — v||n. From the assumption Lf[|S|l1 < 1 we see that F is

a contraction, and using the Banach fixed point Theorem we conclude that there exist a unique

discrete mild solution of (3.2.1) such that lim lu(m)] =0. O

In the following theorem, we assume a modified hypothesis on the previous Lipschitz condition,

namely we consider a local condition instead of the global one.

Theorem 3.2.3. Suppose (H2), (F2) and there exist ro > 0 such that || S||1 (Lf(ro)—&-% sup ||f(k,0)||) <
kEZ

1, then there is a unique mild solution u(n) of (3.2.1) such that ‘ 1|im HZEZ;”
n|—oo

Proof. Define the operator F' as in (3.2.2), then H is well defined. Let
By :={u€ClZ,X) : ||ulln <ro}.

For u € B,,,

)l < 151 (L (o) + - sup £, 0)) 7o < 7o,
To kez

Therefore, ||Ful| < ro, that is Fu € B,,. Moreover, for u,v € B,,, we have
[(Fu)(n) = (Fo)(n)|| < Ly (ro)|S|hllu = vla,
then there is a unique fixed point u € B,,, so there is a unique mild solution u(n) of (3.2.1) such

that Lm0 _ O

Theorem 3.2.4. Assume that (H2), (F'3) hold, then there is a unique mild solution u(n) of (3.0.1)

such that lim lu(n)] =0.
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Proof. Define the operator F' as in (3.2.2), then by the hypothesis (F4), we have that

[[u(k)l
h(k)

n—1
IFu)(m)] < D 1St —1—k)I|Ls (k) + ||5H12ugz>||f(k70)||
k=00 €

<ISllsoll L sllallulln + 15111 sup [1.f (%, O)]l;
kEZ

where ||Ly|; := Z Ly (k), so F is well defined.

k=—o00

For u,v € CY(Z, X), one has

|(Fu)(n) = (Fo)(n)] < ||soo(l:§ Ly(k))llu = vl
Similarly, by [44, Lemma 3.2],
[(Fu)(m) — (F20) ()| < kfjoo L5t — 1 — iy L
S(IISIIOO)Q(:Z::I Lf<k>(jiLf<j>))||u—vnh
e O
By induction, one easily see that _
[F ) (m) — (o)) < STl

Sl )"
(Sl Er)" o .

Therefore, ||F"u—F"v|;, < Mﬂu—vﬂh For sufficiently large n, we have
By the Banach contraction mapping principle, F' has a unique fixed point in CP(Z, X), so there is a

unique mild solution u(n) of (3.0.1) such that lim [u(m)l =0. O

The following theorem establishes the existence of a mild solution of (3.2.1) in C}(Z, X), based

on the fixed point theorem of Matkowski.

Theorem 3.2.5. Let (H2), (F4) hold and assume further that (||S||1¢)"™(t) — 0 as n — oo for each

t > 0. Then there is a unique mild solution u(n) of (3.2.1) such that | llim |Zgn;” = 0.
n|—oo n
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Proof. Define the operator F' as in (3.2.2), then by the hypothesis (F'3), we have that,

[Fu)m) < 3 [1Stn—1 - k)'¢(llzgzg|
k=00

<1181 (@ulln) + sup £ (k,0)]]).
kezZ

)+ 1Sl sup 17k, 0)]
keZ

Thus, F is well defined. For u,v € C)(Z, X), we have

(P - (Fol < Y 15001 - Bl ") < Ittt - ol

k=—o0
Therefore, ||Fu — Folln < [|S|1é(]Ju — v||n). Since (||S||1¢)™(t) — 0 as n — oo for each t > 0, by
Matkowski’s fixed point Theorem, F' has a unique fixed point u € CQ(Z,X ), so there is a unique

mild solution u(n) of (3.2.1) such that lim [u(m)l =0. 0

In the next theorem, the main tool used in proving existence of solutions of (3.2.1) is the classical

Leray-Schauder Alternative Theorem combined with Lemma 1.4.12.

Theorem 3.2.6. Suppose (H2), (F5). Then under the following additional condition:
(A1) For alla,b € Z,a <b and o >0, the set {f(k,x):a <k <b,|z| <o} is relatively compact in
X; there exist a function h : Z — [1,00) such that h(n) — oo as |n| — oo and a mild solution u(n)

()]
of (3.2.1) such that lim =0.

1/0
Proof. Define the function h : Z — R by h(k) := (%) , where Lo, =sup Ly(k), k € Z. Note
keZ
that h(k) > 1, for all k£ € Z and since lim |, o Ly (k) = 0, we also have lim |, h(k) = co. Consider
the operator F' as defined in (3.2.2). Using the Leray-Schauder Alternative Theorem, we will show

that F' has a fixed point in CQ(Z, X). The proof will be carried out in several steps.

(i) F is well defined. For u € C)(Z, X), one has

n—1

IEw) )] < D 18 =1 = R)I(L (k) ()] + £ (K, 0)I1) < [1S]1 (Locllullh + sup |[£(k, O)11)

k=00
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(iii)

F
whence | l‘im W = 0. Thus F is C})(Z, X )- valued.
n|—oo n

F:C)Z,X)— C)(Z,X) is a continuous map. In fact, for u,v € C)(Z, X), one has

(P ) = (Fo)] < 3 11800 - 1= B n? (PO < 1 s - ol
k=00

1/6
Since that h(k) = (#55) " 21, for all k € Z, then

wup W) @) = (Fo) ()|

< Lool|S1]Jw = v|)f.
sup 1= < LoclSlh ol

So ||[Fu — Fv||n < Leo|S|l1]|u — v||%. Hence F is a continuous map.

F is a completely continuous map. Let r be a positive real number and B,.(Z) be a closed ball
with center at 0 and radius r in the space Z. We set V = F(B,(C)(Z,X))) and v = Fu for
u € B,(C)(Z,X)). We prove that for each n € Z,
v(n)
(V)= {32 vev)
V) nn) V€
is relatively compact in X. Indeed, for € > 0, we choose | € ZT such that

o0

0
SIS (Lot + sup £k, 0)]) < e

k=l
Since v = Fu for u € B,(CY(Z, X)),

-1

v(n):ZS(k)f(n—l—kun—l— —|—ZS fn—1—k,u(n—1—-k)).

Z(n) :ﬁ(%ZS(k)f(n—l—k,u(n—l— ) %ZS fin—=1—=Fkun—1-k)).

(n) h(n)\l &= k=l
Note that
h(lmngS(k)f(n—l—k,U(”—l_ hlg: (e + mp £ O)) <
Therefore
’U(TL) c l CO(K)+B€(X)7 (323)




CHAPTER 3. ASYMPTOTIC BEHAVIOR OF MILD SOLUTIONS 57

(iv)

(vi)

where m denotes the convex hull of K and
K = UL {S(k)f(&,2): € € n—l,n— 1] N Z, ||| < R},

where R = rmax{h(§) : £ € [n —I,n — 1] N Z}. Hence, K is relatively compact, since that
S(k) € B(X) for all k € Ny and {f(k,z) : a < k < b,||z|| < o} is relatively compact in X, for

all a,b € Z,a < b and o > 0. In view of

Qn (V) € co(K) + Be(X),

h(n)
we deduce that Q,, (V) is relatively compact in X.

Next, we prove that V' is weighted equiconvergent at +oc. Indeed proceeding as in (i), we have:

) S o 1 .
Ay = iy 2 156~ 1= DIEscllly + 1765, 0D < s Sl (Lot +sup 17, O

therefore % — 0 as |n| — oo and this convergence is independent of u € B,.(CY(Z, X)).

Hence V satisfies the conditions of Lemma 1.4.12, so V is a relatively compact set in C})(Z, X).

Now, we will prove that the set C := {u € C}(Z,X) : u = AFu,\ € (0,1)} is bounded. In fact,
if u e CY(Z, X) is a solution of u = AFu for 0 < A < 1, then

n—1
uln
)l S = 1= R (Lo ], + sp £ O < 1S (ool + sup (5, 0) ).
h(n) =, = Kez kez
Hence

l[ulln
111 (Loollullf, + suprez [ (k. 0)]])
Observe that in view of the condition # < 1, it follows that C is bounded.

<1

There exists 79 > 0 such that F(B,,(CY(Z,X))) C B, (C)(Z,X)). Assume that the assertion
is false, then for all r > 0, arguing similarly as in (iv), we deduce that 1 < ||S||y (Loore’1 +

L suppes |If (K, ())||), which is a contradiction because § < 1.

Finally, by Theorem 1.4.10, F has a fixed point u € C})(Z, X).
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In the next results, we study the existence uniqueness of WPAAy, and W PSAP,, mild solutions
of (3.2.1).

Theorem 3.2.7. Let p1,p2 € Vo be given. Assume that (H2) holds, f € Q € M(Z x X, X) is
globally Lipschitz in the following sense:

1f(n, @) = f(n,9)|| < Lllz —yll, for alln € Z and all x,y € X,

where L < ﬁ, then (3.2.1) has a unique mild solution u which belongs to the corresponding subset

Qe M(Z,X).

Proof. Consider the operator F': WPAA4(Z,X) - WPAA4(Z, X) defined by

(Fu)(n) := z_: Sin—1—-k)f(k,u(k)), n €Z, (3.2.4)

k=—oc0
where f € WPAA4(Z,X). Note that F' is well defined by [117, Theorem 16] and Theorem 3.1.14.
In addition, for u,v € WPAA4(Z, X) and n € Z the following inequality holds:

[(Fu)(n) = (Fo)(n)]| =] i S(n—1—k)(f(k,u(k)) — f(k,v(k)] < LIS llu = -

k=—o0
Since ||S||1L < 1 we conclude that F is a contraction, and using Banach’s fixed point Theorem we
get that there exists a unique discrete weighted pseudo almost automorphic solution of (3.2.1). The
proof for the space of S-asymptotic w—periodic sequences is analogous, but in this case, we use [118,

Theorem 2.4] and Theorem 3.1.14 in order to prove that F' is well defined. O

In the following theorem, we show that with a local Lipschitz condition on f the conclusion of

the previous theorem holds.

Theorem 3.2.8. Let p1,p2 € Voo be given. Assume that (H2) holds and let f € M(Z x X, X)
that satisfies a local Lipschitz condition, that is, for each positive number r, and all u,v € X with

lull <7, ol < 7, we have

1k, h(k)w) — £k, h(RY) | < Ly(r) |l ol for all k € Z,
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where Ly : RT — R is a nondecreasing function. If there exists ro > 0 such that

sup || £k, 0)]
IS (Liro) + * ) <1,

then the semilinear difference equation (3.2.1) has a unique mild solution u which belongs to the

same space as [ with ||u]|eo < 7.

Proof. Consider f € WPAA4(Z x X,X). Note that F: WPAA4(Z,X) - WPAA4(Z, X) given by
(3.2.4) is well defined by Corollary [10, Corollary 2.4] and Theorem 3.1.14.
Let

B (0) :={u e WPAALZ,X) : |Ju|loo <70}

We show that F(B,,(0)) C By, (0). Indeed, let u be in B,,(0). Since f is locally Lipschitz, we obtain
1f (ks w(R)) I < [1f (B, w(k)) = f(k, )| + [[f (K, 0)I| < L(ro)l[u(k)|| + [If (&, 0)|], for k € Z.

Moreover, we have the estimate

[E(u)(n)|| < Z_: 1S(n =1 =E)I(f (R, u(k)) = f(k, 0)[| + i 1S(n =1 =k)f(k,0)]
k=—o0 k=—oc0

<L(ro) Z_: 15t =1 = E) [l + 1S ]lx sup [ £ (&, O)]

k=—o00

supy, [|.f (F, O)||)

<[IS]1 (L(ro) +
To

ro < 1o,

proving the claim. On the other hand, for u,v € B,,(0) we have that

[Fu(n) — Fo(n)|| < Z_: 15(n =1 = K)[[(f (R, u(k)) = f (R, v(k))l

k=—oc0
n—1
<L(ro) Y 1S(n=1=&)lluk) = o(k)| < S L(ro)llu = vl
k=—o0
Observing that ||S]|1L(r¢) < 1, it follows that F' is a contraction in B, (0). Then there is a unique
u € By, (0) such that Fu = u. Analogously, we can prove the Theorem for f € WPSAP,,(ZxX, X, p).
For that purpose, we use [118, Theorem 2.4] and Theorem 3.1.14 in order to prove that F is well

defined, and we just have to take the ball of radius ro in WPSAP,(Z x X, X, p). O
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Theorem 3.2.9. Let p1,p2 € Voo be given. Assume that (H2) holds and f € Q € M(Z x X, X),

satisfies the following condition:
If(n,2) — f(n,y)|| < &(|lz —yl), for alln € Z and all x,y € X,

where ¢ : RY — RT is a nondecreasing function. Then (3.2.1) has a unique mild solution w which
belongs to the corresponding subset Q € M(Z,X), provided (||S||¢)"(t) — 0 as n — oo for each
t>0.

Proof. Consider the operator F : WPAA4(Z,X) - WPAA4(Z, X) defined by

(Fu)(n) := i S(n—1-k)f(k,uk)),neZ,

k=—oc0
where f € WPAA4(Z,X). Note that F is well defined by [117, Theorem 16] and Theorem 3.1.14.
In addition, for u,v € WPAA4(Z, X) and n € Z the following inequality holds,

[(Fu)(n) = (Fo)(n)]| =|| i 15(n =1 = k)(f(k, u(k)) = f(k, 0(R))I| < LISTe(lu = vl)-

k=—o0
Since (||S]|1¢)™(t) = 0 as n — oo for each ¢t > 0, by Matkowski fixed point Theorem (Theorem 2.2),
F has a unique fixed point v € WPAA,(Z, X), so there is a unique mild solution u(n) of (3.2.1).
The proof for the space of S-asymptotic w—periodic sequences is analogous, we just use Theorem

[118, Theorem 2.4] and Theorem 3.1.14 in order to prove that F' is well defined. O

In the following theorem, we study under certain non-Lipschitz conditions on the function f
the existence of solutions in WPSAP,(Z x X, X) of the equation (3.2.1). We consider functions
f:7Z x X — X to establish our result.

Remark 3.2.10. The hypothesis (B1) below has also been considered previously in [5] and [118] in
order to prove the existence of mild solutions for a class of semilinear difference equations in a Banach

space X.

Theorem 3.2.11. Assume that f € WPSAP,(Z x X,X) NUCL(Z x X,X), p1,p2 € Voo and that
the assumptions (H1), (H2) and (A1) hold. Under the following additional conditions:
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(B1) There exists a nondecreasing function W : RT — RT and a function M : 7Z — RY such that
If(k, )| < MEYW(||z|) for allk € Z,xz € X.

(B2) For eachv >0, lim — Z [IS(n—k—=1)||M (k)W (vh(k)) = 0, where h is given in Lemma

||—>ooh

1.4.12.

(B3) For each € > 0, there exists § > 0 such that for u,v € C)(Z,X),||lu —v|l, < &§ implies that

Y ISt = R)If (ks uk) = f(k,v(k))|| < € for alln € Z.

k=—oc0

(B4) liminf —— > 1, where

r—00 B( )

8) =swp (7= 3 5= DIMEW hE):

ne”Z

Then (3.2.1) has a mild solution in WPSAP,(Z x X, X).

Proof. Consider the operator F : C)(Z, X) — CY(Z, X ) defined by

n—1
— Z S(n—1—k)f(k,u(k)),n€Z,

k=—oc0
by Leray-Schauder Theorem, we will prove that F has a fixed point in WPSAP,,(Z x X, X). We

divide the proof into several steps.

(i) F is well defined. For u € CY(Z, X), by (B1), one has

[(Fu)(n)]| < i [1S(n =1 =E)[ME)W (lu(k)]]) < i 15(n = 1= k) |ME)W ([[ullnh(k)),
k=—o0 k=—o0
whence M Z IS(n — 1 —k)||M(E)W(||u|lnh(k)). It follows from (B2) that F'

k——oo

is CY(Z, X )—valued.
(ii) F is continuous. In fact, for each ¢ > 0, by (B3) there exists § > 0 such that for u,v €

Ch(Z,X),|lu—v|n <6, one has

n—1

I(Fu)(n) = (Fo)(m)|| < Y 1S =1 = k)IILf(k, uk) — f(k, o(k)]

k=—o0
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(iii)

since h(n) > 1, by (B3), one has ||F'u — Fvl||;, < ¢, hence F is continuous.

F is completely continuous. Let V = F(B,(C(Z,X))) and v = Fu for u € CY(Z, X). First, we
prove that Q, (V) := {ZEZ% tv € V} is relatively compact in X for each n € Z. By (B2), for
€ > 0, we can choose | € ZT such that

D ISE)[M(n—1 k)W (rh(n —1—k)) <.
k=l

Since v = Fu for u € C)(Z, X), then

v(n) 1 12 -
h(n)_W(ZI;JS(k)f(n—l—k,u(n—1— ) h—ZS Fn—1—kuln—1-k)).

k=l
Note that,
ﬁHZS(k)f(n—uk,u(n—l— %Z )M (n -1 — k)W (rh(n — 1 — k)|
n
k=l k=l
<e

So (3.2.3) holds. Then £,(V) is relatively compact in X for all n € Z. Next, we show that V'

is weighted equiconvergent at +oo. In fact,

ol _ 1 =g .
0 sh(n)k;m\ls( 1— k)| M (k)W (rh(K)),

hence HhEZ%H — 0 as |n| = oo by (B2), and this convergence is independent of u € B,.(CY(Z, X)),

V is a relatively compact set in C)(Z, X) by Lemma 1.4.12.

Now, we will prove that the set
{fueClZ,X):u=AFu,\e (0,1)} (3.2.5)

is bounded. In fact, if u € C)(Z, X) is a solution of u = AFu for 0 < X\ < 1, then

n—1

lu(m)ll < D 15(n =1 = k)M E)W (ullnh(k) < h(m)B(][u]n)-

k=—o0

Hence, ﬁ(ll‘“u”hh) < 1. We conclude using (B4)..
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(v)

(vii)

There exists 79 > 0 such that F(B,,(C)(Z,X))) C By, (C)(Z, X)). Assume that the assertion
is false, then for all > 0, we can choose u" € B,,(C)(Z, X)) such that ||[Fu"||; > r. Similar as

(iv), we deduce that <1, then hm inf & < 1, which contradicts condition (B4).
77 §=o00 B(8)

It follows from Theorem [118, Theorem 2.3] and Theorem 3.1.14, that the vector valued space
WPSAP,(Z,X) is invariant under F. Consequently, combining this with step (iv), we have
that

F(B,,(C)(Z, X)) NWPSAP,(Z, X)) C B,,(C(Z, X)) NWPSAP,(Z, X).

Hence, we arrive at the following conclusion

C F(By(CO(Z. X)) "W PSAP,(Z, X)) "

Ch.(Z,X)

F(B,,(C)(Z, X)) N WPSAR.(Z, X)V”(Z’X))

C B, (CY(Z, X)) N WPSAP,(Z, X)

where BC"( %)

denotes the closure of a set B in the space C,?(Z,X ). Thus, we can consider
the following application

Ch(2,X)

C9(Z.X)

F: B,,(CY(Z, X)) "W PSAP,(Z, X) — B,y (CY(Z, X)) N WPSAP,(Z, X)

By (i) — (i4i), we have that F' is completely continuous. Applying (iv) and the Leray-
Schauder Theorem (Theorem 1.4.10), F has a fixed point « which belongs to the space

By (CO(Z, X)) N WPSAP,(Z, X) ",

Finally, we prove that u (the fixed point of F' given in (vi)) is discrete weighted pseudo S-
asymptotically w—periodic. Indeed, let (t, ), be a sequence in B, (CY(Z, X))"W PSAP,,(Z, X)
such that u,, — u, as m — oo in the norm Cg(Z, X). For € > 0, let § > 0 be the constant in

(B3), that is, there exist mg € ZT such that |[u,, — ||, < & for all m > mg. Note that for

m > mo,
n—1
[Fum — Fulloo < Sup Z [1S(n =1 = k)1 f(k, um(k)) — f(ku(k))]| <,
n
k=
which implies that (Fum,), converges to Fu = w uniformly in Z. Since Fu,, belongs to

WPSAP,(Z,X), we get that u € WPSAP,(Z, X).
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Theorem 3.2.12. Assume that f € WPSAP,(ZxX,X), p1,p2 € Voo, (H2), (A1) hold, and satisfies

the following conditions:

(B5) There exists a nondecreasing and surjective function W : RT — RT such that
1S (k, h(k)u) — f(k, h(k)v|| < W(llu — vl]) for all k € Z,u,v € X,

where h is given in Lemma 1.4.12.

)
B6) liminf > 1.
(B6) M It e AT + supres 1706, 0)T)

Then (3.0.1) has a mild solution w € WPSAP,,(Z,X).

Proof. Consider the operator F : C)(Z, X) — C)(Z, X) defined by

n—1
(Fu)(n):= Y S(n—1-k)f(ku(k)),n e Z.

k=—oc0
For u,v € CY(Z, X), we have the following estimates:

n—1

[Eu(m)ll < > 18— 1= k)1 f(kulk)] < ||5||1(W(HUIIh) +sup \If(k70)\|)7 (3.2.6)

k=—o00

and || f(k,u) — f(k,v)|| < W(”Z(_,;))”) < W(|Ju —v]|), hence F is well defined and f € UC(Z x X, X).
For u,v € C)(Z, X), we have

I(Put) = Fot)l < 3 15t = 1= (52O < s o),

k=—o0

which implies that F is continuous. Next, let V = F(B,(CY(Z, X))) and v = Fu for u € B,.(C)(Z, X)).

For € > 0, we choose [ € Z" such that Z ISRl (W(r) +sup || f(, O)H) <e Let u € B, (CY(Z, X)),
kEZ

k=l
we have

1 oo o0
— Sk)f(n—1—-k,un—1-k))| < Sk W(r)+sup ||f(k,0)|) <e. 3.2.7
iy 2 S ( DS S ISWI(Wir) + sup (k. 0)) (3:27)
From (3.2.3),(3.2.7) and (A1), we have that Q,(V) is relatively compact in X for all n € Z. For

u € B,(CY(Z, X)), by (3.2.6), we have

oI _ ISl
h(n) = h(n)

(W) + sup 17+ 0)]).
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Hence lim lo()ll

= 0 uniformly in u € B,.(C)(Z, X)). By Lemma 1.4.12, F' is completely contin-
uous.

Finally, we prove the boundedness of the set defined in (3.2.5). If u € B,.(C)(Z, X)) is a solution of
u = AFu for 0 < A < 1, then by (3.2.6),

[l

15T W (Tall) + sup 7m0 = -
keZ

From (B6), we conclude that the set (3.2.5) is bounded. Similar as the proof of Theorem 3.2.11,
(3.2.1) has a mild solution v € WPSAP,,(Z,X) by Theorem 1.4.10. O

3.3 An Example

Define a(n) = 2(1— W), and b(n) = 1— 2=%. Then one can verify that a(n) = [~ pn(t)k(t)dt,
and b(n) = [ pn(t)g(t)dt, where k(t) = f(f e %ds, and g(t) =1 — e (¢t + 1) in a straightforward
way. Denote ai(t) = e %, t > 0, then a; € L*(R;),a1(t) > 0, and —a/(t) > 0, for all t > 0,
nonincreasing and convex, so a; is 3-monotone. Thus a4 (¢) is 2- regular and of positive type by [109,

Proposition 3.3]. It is easy to see that k(t) is of positive type and by the remarks following [109,
Definition 3.3] it follows that k(t) is 2-regular too.

Clearly g(0) =0, and g € WH1(R ). Note that

~ ag  ai(A)
k A = —
() A A
By [109, page 266] —L— is locally analytic at A = 0. Thus k(t) satisfies the hypotheses of Theorem

Me(N)
3.1.7. Therefore, A generates a summable discrete resolvent family {R(n)}nen,, with a(n) = 1(1 —

W), and b(n) = 1 — 2%, such that ||R(n)|| < M, M > 0, for all n € N. We set X = L?([0,1]),
and we consider the second order differential operator Az(§) = 852§z(§) with domain D(A) = {z €
H2[0,1] : 2(0) = 2(1) = 0}. It is well known that A generates a bounded analytic semigroup
on L?[0,1]. (See [55, Example 4.8]). Let us consider the following differential-difference Volterra
equation on X = L%([0,1]),

u(n+1,z) = Zn: a(n—k)0% u(k+1,2)+ zn: b(n—k)f(k,u(k,z)), ne€Z xcl0,1], (3.3.1)

k=—o0 k=—o0
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where f(k,u) = 8% with K > M. Consider h(n) = "’ then h(n) > 1 for all n € Z and

3
ek K’

lim h(n) = co. On the other hand,

|n|—o0

sin(ekzu) - sin(ekzv) luw — v]|

1f (K, h(k)u) — f(k, h(k)v)l| = o I< =

Therefore, (H2), (F1) hold and L¢||R|y < 1, with Ly = 1/K. Thus by Theorem 3.2.2 there is a
. lu()]]
lim ——— =0.

unique mild solution u(n) of (3.3.1) such that



Chapter 4

Analytical properties of nonlocal

discrete operators: Convexity.

In this chapter, we study the connection between positivity, monotonicity and convexity of sequences
and the sign of the discrete version of the Riemman-Liouville fractional difference operator proposed

by Lizama in [94],
(A%f)(n) = AN{ZkN"‘(n—j)f(j) : (4.0.1)

j=0
where N -1 <a <N, NeN.

We extend the results obtained in [65] to an entire region that covers sequential orders in two
parameters, exploring limit cases and providing examples that demonstrate the sharpness of the
results. Furthemore, applying the Transference Principle, we transfer all the results to the operator

(0.0.3) defined by Atici and Eloe in [2, 13, 15, 16].

67
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4.1 Properties of the operator of fractional difference A“

In this section we collect some important new properties of the higher order differences A!, for I € N
and of the a-th fractional difference operator A®, for & > 0. These results generalize [65, Proposition

2.9] and [65, Theorems 5.7, 6.11, 6.16, 6.21, 7.8]. We begin with the following result.

Proposition 4.1.1. For any a,b € s(Ng;R) and I € N we have

Alaxb)(n) = (Alaxb)(n) +

j=1 =0

1 j—1
J=

C) (=1 a(i)b(n +j — ).

Proof. Note that, by Remark 1.2.1 and Lemma 1.2.5 we get for [ € N

n n l
(Alaxb)(n) =Y bi)Ala(n —i) =D b(i) Y (l> (-1 a(n+j—1)

1

i=0 iz j=o
. l .
= 2 ;0 (;) (=D a(n+j —i)b(i) = ; (;) (=1)!7 gfja(n — i)b(i)
_ jio <;) (=1)"(r;a xb)(n), n € No.
Thus, we have that for n € Ny,
Aaenm =3 (§) st i) = 5 (§)vnas o + ()02 <o

Jj=
j—1

l
_ <Z.>(1)”[(Tja*b)(n)+ a(i)r;b(n — i)] + (=1)!(a * b) (n)

j=1 i=0
L l _ l I _jjil |
:;<j><_1)l (Tja*b)(”)+(—1)l(a*b)(n>+;()(—1)1 ga(l)qb(n—z)
! 11
_ l OV (maxb)(n l =5 (b —
_j_o(j>( R b)(H;i_O(J)( 1 ai)bin — i+ j)
1 -1
= (Ala*b)(n l D T (Db 4+ i — i),
= (Ala = b)( )+;i_0<j)( D' a(i)b(n+ j — i)

which proves the result. O
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Remark 4.1.2. In particular, for | — 1 < a <[, 1 € N, a(n) := u(n) and b(n) := k'~%(n) we have the

following identity

1 oj-1
A%u(n) = (K=« Alu)(n) + Z . (l) (=) u(@)k=(n+j — i), n € Ny.

Concerning the composition of two operators, we prove the following result.

Proposition 4.1.3. The following properties hold:

(i) For any a > 0 and u € s(Ng;R) we have
Ao A%u(n) = A*Mu(n),
where m —1 < a<m, méeN.
(i1) For any o > 0, 1 € Ny and u € s(Ng;R) we have
Al o A%u(n) = A*u(n),
wherem — 1 < a<m, méeN.
(#91) For any o > 0 and u € s(Ng;R) we have
A% o Au(n) = A u(n) — A™E™%(n 4 1)u(0),
where m —1 < a<m, méeN.

(tv) For any o> 0,1 €N and u € s(No;R) we have

-1
A% o Alu(n) = A*Tu(n) — Z AT M= (4 1) A1 9(0),
=0

wherem — 1 < a<m, méeN.

(v) For any a, >0 and u € s(No;R) we have

-1
AP o A%u(n) = A*TPu(n) — Z A= (4 1) AT (B2 v w)(0),
=0

wherem —1<pB<m,l—-1<a<l,mleN andm+Il—-1<a+<m+I.
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(vi) For any a, 8 > 0 and u € s(Ng;R) we have

-1
AP o A%u(n) = A*Pu(n +1) = AR (n+ 1) ATT (K % w)(0),
j=0

wherem —1<pB<m,l-1<a<l,mleN andm+Il—-2<a+B8<m+I1-1.

Proof. (i) The cases & = m and o = m — 1 are trivial. If m — 1 < a < m, then the proof is

immediate from the definition. Indeed,
Ao A%u(n) = Ao A™(k™ % s u)(n) = ATFLHEM IO ) (n) = A%FTy(n).
(7i) By proceeding by induction on {. For [ = 0 is trivial and [ = 1 is the previous case (¢). For
1 € Np, we have Al o A%(n) = A**u(n), where m — 1 < o < m. Then, for [ + 1 we obtain
AT o A%u(n) = Ao (Al o A%u)(n) = Ao (A*Tu)(n) = A>Ty (n).
(i1i) If @ = m, then k™~ *(n+1) = k°(n+1) = 0, hence we have the result. Note that, A™k(n+1) =
A™1 =0, where 1(n) = 1, thus we get the case o =m — 1.
Suppose m — 1 < a < m. By Remark 1.2.1, Lemma 1.2.5 and the previous property, we obtain
A% o Au(n) =A" (k"% x Au)(n) = A™(E™™Y * (Tyu — w))(n)
=AY« mu)(n) — AT (K™Y % u)(n)

3 (77) ()" (R ru)(n + ) — AT (R« w)(n)

0

(”?) (=)™ I[(E™ s u)(n+j+1) = k™ (n +j + Du(0)] = A™(E™™ % u)(n)

o \J

<.
I

M-

(M) e+ 1= 3 ()0 i+ 0u0)

i—o \J j=0

_ Am(km—a *u)(n>

<

=AY s u)(n+ 1) — ATE™TY(n 4 1)u(0) — AT x u)(n)
=Ao AT (K™Y xu)(n) — A™E™™%(n + 1)u(0)
=Ao A%(n) — A™E™%(n + 1)u(0)

=AYy (n) — A™E™%(n + 1)u(0).
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(iv) By induction on I. For [ =1 is the previous case (¢it). For | € N, we have

-1
A% o Alu(n) = A*Fu(n) = Y " AT (n 4 1) AT Iu(0),
j=0

where m — 1 < a < m. Then, for [ + 1 we obtain

A% o A y(n) = A% o AY(Au)(n) = AT (Au)(n) — li AMFIEm=e (g £ 1A (Aw)(0)
§=0
= AY(AY o Au)(n) — lii AT ™ (n + 1) AT u(0)
§=0
= Al[(A%TLu)(n) — A™E™ % (n + 1)u(0)] — § AT (4 1) Al 4(0)
3=0
= ATy (n) — A™HE™ T (n 4 1)u(0) — lz_i AT M= (1) Al u(0)
3=0
= Ao+ (n) — zl: AT (4 1) AT 4(0).
J=0

(v) First we show the property whenm—1<pg<m,l—-1<a<landm—+li—-1<a+p<m+l.
By definition and using the semigroup property of k%, namely: k®ok? = k**+# for any a, 8 > 0,

as well as the properties (i¢) and (iv), we have for n € Ny,

AP o A%(n) = AP o ALK % u)(n)
-1
= AP ww)(n) = AR (n 4+ 1A (R % 1) (0)
7=0
-1
= Ao AP(K s u)(n) = > AR (n 4+ 1)ATT (B % 0) (0)
3=0
-1
= Al o A™(E™ P 5 7Y u) (n) — Z AT (4 1) AT (B2 x u)(0)
§=0
-1
= ATH (FmH=0F0) 4 ) (n) — Z ATHIEm=B (4 1) AT (K2 5 ) (0)
§=0
1-1
= A*TBy(n) — Z A= (4 1) AT (B % w)(0).

Jj=0

Thus, we obtain the first part of the (v). We observe that the following identity is true in
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general form—1<f<mandl—-1<a<l:

-1
AP o A%u(n) = ATH (EmH= OB o)) (n) — Z AT (g £ 1) AT (B2 %) (0). (4.1.1)
=0

Now, we study the borderline cases. If 8 = m, by property (ii), we get A™ o A%u(n) =
A“tmy(n) for any [ — 1 < a < I. Furthermore, k™~ (n + 1) = k%(n + 1) = 0, thus

-1
A™ o A%u(n) = A Mu(n) = > AR (0 AT (KT 5w u)(0) = AT Mu(n).
j=0

If 3 =m — 1, applying again property (ii), we obtain A™~! o A%(n) = A**™~1y(n) for any
I—1<a<l Also, A"t Em=m=1(n £ 1) = AmHik(n+1) = A™H1 = 0, thus we obtain the
result analogously to the proof for 8 = m.

If a = I, by property (iv), we have APoAlu(n) = A'B‘Hu(n)—zé_:}) AT M= (n4+1) Al=1734(0),
for any m — 1 < 8 < m. Moreover, AI=17y(0) = A"179(K0 x u)(0) = AL (k=2 % )(0),
that shows the result. Moreover, since it is valid for the points o = [ and 8 = m, we deduce

that in particular it is true for a + 8 =m +1[.

(vi) We proceed analogously to the proof of property (v). We have, by (4.1.1), form —1< 8 <m
and [ — 1< a <],

-1
AP o A%u(n) = AMF (M @FB) yoy) (n) — ZAmHkm_B(n + DA (B 5 ) (0).

=0
Suppose m +1 —2 < a+ 3 <m+1— 1. Using the fact that A(k xu)(n) = u(n + 1), we have
AMH(EmH=@48) 4 ) (n) = A™H=1 6 Ak + kM H1=(@48) 4 ) (n)
= AL (pmH=1=(0F8) yo) (n + 1)
= A Pu(n+1), neN,.

Therefore,

-1
AP o Au(n) = A Pu(n + 1) — 37 AR (0 4 DA (170w 0)(0).
j=0

Finally, if a+f=m+1l—1,thenm—-1<f=m+Il—-1—a<mandl—1< «a <! Hence,
by (4.1.1), we have for all n € Ny

AP (EmH=0F8) yo) (n) = ATH (D o) (n) = AT y(n 4+ 1) = ATPu(n + 1).
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This finishes the proof. O

Remark 4.1.4. Examining the previous proof, we deduce that for any o, 8 > 0 with m —1 < g < m,
I—1<a<li,mleN and u € s(No;R), if a+ 8 =m+1— 1, then

-1
AP o A%u(n) = A Pu(n +1) = AR P (n+ DA (K % u)(0), n € No.
Jj=0

4.2 Positivity, a-monotonicity and a-convexity

In this section we recall the definitions of a a-monotone and a-convex sequence, and we provide
a geometrical interpretation. We summarize, and in some cases improve, several theorems of [65,

Sections 5 and 6]. Moreover, we give new examples showing the necessity of imposed conditions.

We begin recalling the following definition.

Definition 4.2.1. [17, Definitions 2.3 and 2.4] Let o > 0 be given. We say that a sequence

u € $(Np,R) is a-increasing (respectively, decreasing) if
u(n+1) > au(n) (4.2.1)

(respectively, u(n + 1) < au(n)) for all Ny.

Remark 4.2.2. Tterating (4.2.1), we observe that each a-monotone increasing sequence must satisfy:

u(n) > a™u(0), n € Ny.

We conclude that if a sequence u is a—monotone increasing then their graph lies above the graph
of the sequence M, (n) := a™u(0). In Figure 4.1, assuming «(0) = 1, we have drawn the behavior of
the sequence M, (n) for different values of «. In particular, observe that the graph of each monotone
increasing sequence lies above the graph of the constant sequence M; = 1. Note that an a-monotone

increasing sequence could be decreasing for o < 1.
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We now recall the following theorem that give us conditions to ensure positivity and a-monotonicity

in the closed interval 0 < o < 1.

Theorem 4.2.3. [65, Theorem 5.4] Let 0 < o < 1 and u € s(Ng;R) be a given sequence. Suppose

that

(7) (A%u)(n) >0 for all n € N,

(i4) u(0) > 0.

Then w is positive and a-increasing on Ny.

The following example shows that the condition «(0) > 0 is necessary for positivity.

Example 4.2.4. Let v < a < 1 and define u(n) := =", 0 <y <1, n € Ng. Then

o (A%u)(n) >0
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® u 1S negative.

Indeed, by part (i) in Proposition 4.1.1 with a := k'*~% b := u, | = 1 and part (i) in Lemma 1.2.4,

we obtain the identities

(Aau)(n):(Akl—a )( )+u n+1 —azknj]n_;f (j)-|—u(n—‘r1), n € Np.

Hence,

proving the claim.

Remark 4.2.5. Actually, a converse for Theorem 4.2.3 holds: If 4(0) > 0 and u is increasing (hence
positive), then (A%u)(n) > 0 for all n € Ny. This follows immediately from Remark 4.1.2 with [ =1

which asserts

A%u(n) = (% % Au)(n) + k' =*(n + Du(0), neNy, 0<a<l.

The following Theorem was proved in [65, Corollary 5.6] for the open sector {(v,u) : 0 < v <
1, u = 0}. We extend this result to the borderline cases.

Theorem 4.2.6. [65, Corollary 5.6] Let 0 < v <1, a € R and v € s(Ng;R) be given a sequence.

Suppose that

(1) A¥v(t) >0, for allt € Nop1-_,;

(i7) v(a) > 0.

Then v is positive and v-increasing on N.
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Proof. In case v = 0, by hypothesis (i), we have A%v(t) = v(¢t) > 0 on N,41. Moreover, v(a) > 0
implies that v is positive. For 0 < v < 1, the proof follows from [65, Corollary 5.6] and the

transference principle (Theorem 1.2.6). O
In the following theorem we show sufficient conditions to deduce the positivity and (a+8)—monotonicity
on Ny of a real sequence v in the region R := {(«, ) € [0,1] x[0,1] : 0 < o+ < 1}. We remark that

it was initially proved in [65, Theorem 5.8] for the open sector {(c, 8) € (0,1)x[0,1) : 0 < a+8 < 1}.
We extend slightly this result to include the borders.

Theorem 4.2.7. Let (o, 8) € R and u € s(Ng;R) be a given sequence. Assume that

(i) (A% o A%)(n) >

]S

(1 - B)u(0), for all n € Ny;
(1) u(1) = (o + B)u(0);

(idi) u(0) > 0.

Then u is positive and (o + f8)-increasing on Ng.

Proof. In case a + 8 = 1, by Proposition 4.1.3 part (vi), we have the identity
(A'% 0 A%u)(n) = Au(n + 1) — Ak“(n + 1)u(0),

and then the proof follows analogously to [65, Theorem 5.8]. We observe that even the case o = 0
is true by (i), because A® o APu(n) = APu(n) > 0, and the proof follows from Theorem 4.2.3. In
conclusion, Theorem 4.2.7 holds for («a, 8) € R. O

The following example shows that the hypothesis (i¢) in Theorem 4.2.7 is necessary in order to

conclude positivity.

Example 4.2.8. Define the sequence u : Ng — R by u(0) =0 and u(n) = —27", n € N. It is clear

that u(0) = 0 and negative. For % < a+ 8 < 1, note that by Proposition 4.1.3, part (vi), with
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Il =m =1 we have the identity
(AP o A%u)(n) = (A*MPu)(n 4+ 1) — AP (n + 1)u(0) = (A Pu)(n + 1),

where by Proposition 4.1.1 part (i) with a := k'~ (@) b=, 1 =1 and Lemma 1.2.4 part (i), we

obtain

(ATPu)(n+1) = (AR s u)(n + 1) + u(n +2)

:—(a+ﬁ)zk ;+(2fj1 D i) = (o + Byuln +1) + u(n + 2)
§=0

" pl=(at+h) —
= —(a—l—ﬁ)z i n—&—(;jjl j)u(j)+2_("+2) 2(a+p8)—1] >0.
=0

Therefore (AP o A%u)(n) > 0 and thus (i) in Theorem 4.2.7 is verified. However, we have u(1) =
—1 <0=(a+B)u(0).

Applying the Transference Principle (Theorem 1.2.6), we can slightly improve the statement of
[65, Corollary 5.10].

Theorem 4.2.9. Let a € R and v € s(Ng;R) be given. Suppose that (1, v) € R and

(i) (A, 0 AL)(t) >0, for all t € Najo_p s
(i) v(a+1) = (p+v)v(a);

(#i7) v(a) > 0.
Then v is positive and (u + v)-increasing on N,.
Proof. Follows from application of the transference principle and Theorem 4.2.7. O

We next recall the following notion introduced in [65].
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Definition 4.2.10. Let o > 1. We say that a sequence u € s(Np,R) is a-convex (respectively,
a-concave) if

u(n+2) —au(n+1)+ (e« —Du(n) >0, n e Ny, (4.2.2)

(respectively < 0).

Note that, when o = 2 we recover the geometrical notion of convexity for a sequence, and when
a = 1 the concept of monotonicity (increasing) on the set N. It is interesting to observe the following

counterpart of Remark 4.2.2, which is also new.

Remark 4.2.11. If u € s(Ng,R) is a-convex then for each « # 2

(a—1)"—1
a—2

) = | | v - w0 + o), ner,

and

u(n) > n(u(l) —uw(0)) +u(0), n € N,

in case a = 2. Indeed, we note that u is a-convex if and only if Au(n +1) > (o — 1)Au(n), n € Ny.
Iterating, we obtain

u(n+1) > (a—1)"(u(l) — u(0)) + u(n), n € Np. (4.2.3)

Thus, iterating again we arrive at

and hence the conclusion follows.

Remark 4.2.12. If a sequence u is a—convex, then their graph lies above the graph of the sequence
Cu(n) = [%} (u(1) —u(0)) +u(0) for a # 2 and above of the graph of the sequence Cy(n) =
n(u(l) — u(0)) + u(0) in case @ = 2. Assuming u(0) = 0,u(1l) = 1, the behavior of the sequence
Cy(n) for different values of « is drawn in Figure 4.2. Since a sequence u is 2-convex iff u is convex,

we observe that the graph of each convex sequence lies above the graph of the sequence Cy(n) = n.

Also, we observe that an a-convex sequence could be geometrically concave for 1 < a < 2.
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Figure 4.2: a-convex with u(0) =0 and u(1) =1

Conditions to obtain positivity, monotonicity and a—convexity in the closed interval 1 < o < 2

are given in the following theorem.

Theorem 4.2.13. [65, Theorem 6.3] Let 1 < a <2 and u € s(Ng;R) be given and assume that

(i) (A%u)(n) >0, for all n € Ny;
(i) u(1) = au(0);

(iii) u(0) > 0.

Then w is positive, increasing and c-convex on Ny.

Remark 4.2.14. A partial converse of the can be established by taking into account the following
identity, valid for 1 < a < 2, and that follows from Remark 4.1.2 with [ = 2:

A%u(n) = (A?K*"“ xu)(n) +u(n +2) —au(n +1), n e Ny,

which proves that if ©(0) > 0 and u is a-increasing on Ny (and hence, positive) then A%u(n) > 0.
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Remark 4.2.15. A second partial converse of Theorem 4.2.13 can be established using now the

following identity, that again follows from Remark 4.1.2 with [ =2 :
A%u(n) = (K>~ % A%u)(n) + k>~ “(n + 1)(u(1) — u(0)) + E**(n + 2)u(0), n € Nj.

It proves that if u(0) > 0, u(1) > au(0) (and therefore u(1) > au(0) > u(0)) and u is convex on Ny

(i.e. 2-convex) then A%u(n) > 0.

The following example shows that the condition u(1) > au(0) in Theorem 4.2.13 is necessary for

a sequence to be monotone increasing.

Example 4.2.16. Define the sequence u : Ng — R by u(n) = 4,0 < v < 1. Assume that

142y++4/14+4vy—4~2
2

< a < 2. The following statements are true.

o (A%u)(n) >0, for all n € Ny;
e 4(0) > 0.

e u is positive and decreasing.

Indeed, it is clear that w is such that w(0) > 0 and is positive and decreasing. Next, observe that by

Proposition 4.1.1 part (i), with a :== k*>~% b :=u, | = 2, we obtain for n € Ny :

A%u(n) = (A%k?~* x u)(n) + Z (j) (—1)* k> (@)u(n + j — 1)
j=1i=0
= (A% xu)(n) +u(n +2) — au(n + 1)

=Y A% (n = j)u(f) + AR (0)u(n) +uln +2) — au(n + 1)
j=0

n—1
o oala—1
— 2 :A2k2—a(n_j),yj + ( ),yn+,yn+2 —Oé’}/n+1.
=0

By Lemma 1.2.4 part (ii), we have that A?k*=%(n) >0 for all n € Ny. Thus,

n

V42— oy = Ta? — a(1+429) + 297 > 0,

o ala—1)
A%u(n) >——= 5

- 2
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because T2V Ity —477 W < a < 2. This proves the claim. On the other hand, we also have u(1) =

v < a = au(0). It shows that the condition u(1) > au(0) in Theorem 4.2.13 is necessary.

1429+4/14+4y—442
2

We give a slight improvement to the borders of the following theorem.

Observe that as v goes from 0 to 1 the function goes from 1 to 2, respectively.

Theorem 4.2.17. [65, Corollary 6.9] Let 1 <v <2, a € R and v € s(Ng;R) be given a sequence.

Suppose that

(1) Abv(t) >0, for allt € Nyjo_,;
(7i) v(a+1) > vv(a);

(#it) v(a) > 0.
Then v s positive, increasing and v-convex on Ng.

Proof. For v =1, we obtain Ayv(t) = v(t+1) —v(t) > 0, i.e., v is monotone increasing and positive,

using hypotheses (i¢) and (iéi). For v € (1, 2], the conclusion follows from [65, Corollary 6.9]. O

Remark 4.2.18. Let a € R, and v(n) := 7_,u(n), n € Ny where u(n) =~", 0 <y < 1. Assume that
R VA et W < a < 2. By Theorem 1.2.6 and Example 4.2.22, we have

ASV(t) = (Tat2—a © AZV)(N) = (Tat2—a © AY 0 T_gu)(n) = A%(n) >0, t:=n+a+2—a.

Therefore, we conclude that A%v(t) > 0 for all ¢ € Nyjpa_q, and v(a) = u(0) > 0. Also, v is
decreasing if u is decreasing. Moreover v(a +1) = u(l) = v < 1 < a = au(0) = av(a). It follows

that the condition v(a + 1) > awv(a) in Theorem 4.2.17 is necessary in order to have the conclusion.

Note that this example generalizes [56, Example 2.4] where the authors proved that for v(t) = 27

and 2+T‘/§ < a < 2 they have Agwv(t) > 0 for all t € Ny_,.
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In the following theorem we summarize, improve and extend [65, Theorems 6.12, 6.17, 6.22].
Indeed, compared with [65], we have included the borders of the regions and added a new condition,
namely (A“*#4)(0) > 0, in order to ensure positivity, monotonicity and (o + )—convexity on Ny
of a real valued sequence u in the region M := {(a,8) € [0,2] x [0,2] : 1 < a+ 8 < 2}. We will
consider the following subsets of M (see also Figure 4.3):

My ={(a,8) €[0,2] x[0,2] :0<a<1,1<B<21<a+8<2},

Mz :={(a,8)€[0,2]x[0,2]:0<a<1,0<f<L1<a+f <2},

Ms:={(a,8) €[0,2] x[0,2] :1<a<20<B<11<a+p<2}

Theorem 4.2.19. Suppose that u € s(No;R), and

(4)

0 if (o, 8) € My,
(A% o A%u)(n) > < £(1 - B)u(0) if (a,8) € Ma, (4.2.4)
S = A1) = (a=1)u(0)] if (a,8) € Ms;

(i1) u(2) > (a+ B)u(1) — @HAEEBD) (@),
(idi) u(1) > (a+ B)u(0);

(iv) u(0) > 0.
Then u is positive, increasing and (o + 3)-convez on Ny.

Proof. We divide the proof in the following cases:

M;: (a, B) € My. We have that the case a = 0 is true by (i), because AP o A%u(n) = APu(n) > 0.
Hence we can apply Theorem 4.2.13 for 8 € [1,2].

In other case, by Proposition 4.1.3 part (vi), with [ = 1, m = 2, we obtain

(ABy)(n + 1) = (AP 0 A%)(n) + (A2K2P)(n + 1)u(0). (4.2.5)



CHAPTER 4. ANALYTICAL PROPERTIES OF NONLOCAL DISCRETE OPERATORS. 83

Moreover, by Lemma 1.2.4 part (ii), we have (A2k2=#)(n+1) > 0. Thus, by (iii), (A%k*=?)(n+
1)u(0) > 0. Then, by (i), we have that

(A“Py)(n) >0, for all n € N.
Therefore by hypotheses (i¢), (i), (iv) and Theorem 4.2.13, the conclusion follows.
Moy (o, B) € My. Note that £7(n) > 0 and is decreasing for any 0 < v < 1 fixed. Then we have

AR (n+1) = %k”’(n +1)> %k”(l) - 77*17. (4.2.6)

Since 0 <1 — 3 < 1, by hypothesis (iv) and (4.2.6), we obtain

AEYP (n + 1)u(0) > —§(1 — B)u(0). (4.2.7)

If « + 8 = 1 then, by Remark 4.1.4 with [ = m = 1, (4.2.7) and hypothesis (i), we get
Au(n +1) = AP o A%u(n) + Ak =B (n + 1)u(0) > 0, i.e., u is 1-convex = monotone increasing

on n € N. But, by hypothesis (ii7), it is also on n € Ny.
In other case, by Proposition 4.1.3 part (v), with I = m = 1, we obtain
(ATPu)(n) = (AP o A%u)(n) + (AEP)(n 4+ 1)u(0), n € Ny. (4.2.8)

Therefore, by hypothesis (i) and (4.2.6), we have (A**tPu)(n) > (AP o A%u)(n) — g(l -
B)u(0) > 0. Then, (A®TAu)(n) > 0 on Ny. Using hypotheses (i), (iv), and Theorem 4.2.13,

the conclusion follows.

Ms: (o, 8) € Ms. If @ = 1, by Proposition 4.1.3 part (i7i), with [ = 2, m = 1, hypothesis (i)
and (4.2.6), we have APTly(n) = AP o Au(n) + Ak'=#(n + 1)u(0) > 0. Hence we can apply
Theorem 4.2.13 for 8+ 1 € [1,2].

In other case, by Proposition 4.1.3 part (vi), with [ = 2, m = 1, we have

(A“TPu)(n+1) = (AP o A%u) (n) + (A2EP) (n + 1)u(0) + (AE P) (n + 1) A% 1u(0). (4.2.9)

Since A%k'=F(n+1) > 0 and Ak' P (n+1) > —£(1 - B), by Lemma 1.2.4 part (ii) and (4.2.6)

respectively. Then by the above identity and the hypotheses (i) and (iv), we obtain

(AaJrBu) (n+1) > (Aﬂ o A%u)(n) + AP (n 4+ 1) A Lu(0),
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> (AP o A%)(n) — g(l — B)A*1u(0).

Hence (A**Au)(n) > 0 on N. Using the hypotheses and Theorem 4.2.13 we obtain the conclu-

sion.

O

Remark 4.2.20. In Theorem 4.2.19, for 1 < a < 2, we have A 1u(0) = u(1l) — (o — 1)u(0).
Analogously, hypothesis (ii) can be rewritten only in terms of the positivity of (A®T#u)(0) because
of the following identity

(a+pB)a+p-1)

5 u(0) = (a+ B)u(l) +u(2) = (A% u)(0).

Remark 4.2.21. Note that if § = 1 the right hand side in (4.2.4) is exactly the same in the regions
M and My, and if @ = 1 then, again, the right hand side in (4.2.4) of Theorem 4.2.19 is the same
in the regions My and Mjs. This means that the given conditions allows a continuous transition

between a region and other.

The following example shows that the condition u(1) > (a+8)u(0) in Theorem 4.2.19 is necessary

for a sequence to be positive and monotone increasing.

Example 4.2.22. Define the sequence u : Ng — R by u(n) = v* — 1,0 < v < 1. Assume that
v+ 1< a+ B <2. The following statements are true.

if (o, ) € M;.
if (Oé,ﬁ) € Ms.
(1-PB)u(l) if (a,B) € Ms.

(i) (A% o A%u)(n) >

v © O

(i) w(2) > (a+ Bu(1)
(iii) u(0) = 0.

(iv) w is negative and decreasing.
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Indeed, it is clear that u is such that w(0) = 0 and is negative and decreasing. Also, u(2) =
Y+ (y=1) = (a+B8)(v—=1) = (a+ B)u(l). This proves (i), (iii) and (iv). We will prove that (i)
holds. In fact, observe that by Proposition 4.1.1 part (ii) with a = u,b:= k>~ =8 1} =1, = 1, we
obtain for n € Ny
ATBu(n) = (Aux AK2=P)(n) — 2u(0)k2 =P (n 4+ 1) + u(0)k> P (n + 2)
w(D)E* P (n + 1) + Au(n + DE>275(0) — Au(0)k>~*P(n+1)
= (Aux AR ) (n) — 2u(0)k*>*B(n + 1) + w(0)k>~ 2P (n + 2)

+u(LE P (n+ 1) + Au(n+ 1) = [u(1) — uw(0)F* 7P (n +1)

Au(n — A 7P(5) + Au(n + 1) + Ak272P(n 4 1)u(0)

I
Mz

<.
I
o

Au(n — A P(j) + (1 — a — B)Au(n)

|

I
-

J

+ Au(n + 1) + AE>=*7F(n 4 1)u(0).
By Lemma 1.2.4 part (i), we have that Ak*=*=8(n) < 0 for all n € Ny. Thus,
A Pu(n) > (1 —a = B)Au(n) + Au(n +1) = (1 —a = B)y"(y = 1) +9" (v = 1)
=7"(v=DA-a=5)+1] 20,

because y+1 < a+ B < 2. On the other hand, by the identities (4.2.5), (4.2.8), (4.2.9) and u(0) =0,

(4.2.10)

we have

ATBy(n +1) if (o, B) € M.
(AP 0 A%u)(n) = ¢ AcH+By(n) if (o, B) € Ma.
ATBy(n 4+ 1) — AR B(n 4+ Du(l) if (a,B) € Ms.

)
Moreover, by (4.2.6), we have the inequality —Ak'~#(n+1)u(1) > g(l B)u(1). This, together with
(4.2.10), proves (7). On the other hand, we also have u(1) =~v—1 <0 = (a+ B)u(0). It shows that
the condition u(1) > (a+ B)u(0) in Theorem 4.2.19 is necessary.

In the next theorem, the result in M refines [65, Corollary 6.24]. The corresponding result to

My is an improvement of [65, Corollary 6.14] with an extra assumption that was not previously
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considered. Finally, the result in M3 is a substantial improvement of [65, Corollary 6.19]. We note
that a careful study of only monotonicity in the sectors M, M3 and My was carry out by Goodrich
(see [64] and [63], respectively). We remark that further advances in the sector My via homotopy

methods have recently appeared [66].

Theorem 4.2.23. Let a € R and v € s(Ng;R) be given. Suppose that,

(4)

(AZJrlfu © Agv)(t) > 0> te Na+37,ufz/ if (,u7 l/) S Mh
(AZ+1—M © Agv)(t) 2 %(1 - V)U(a)a te Na-&-?—p—u if (:U/7 V) S MQ,
(Abo—p o A5v)(t) = 5(1 =v)fvla+1) = (u—Nv(a)]l, t € Nays—p—r if (n,v) € Ms.

(i) v(a+2) > (v + p)o(a+ 1) — LD ),
(#it) v(a+1) > (v + p)v(a);

(iv) v(a) > 0.

Then v is positive, monotone increasing and (v + p)-conver on N.

Proof. For (p,v) = (0,1) € My we have (Al ; o Abv)(t) = Agy1v(t) > 0 and by hypotheses
we arrive at the conclusion. For (u,v) = (0,1) € M, the reasoning is analogous. For (u,v) =
(1,0) € Mz we have (A% o Alv)(t) = A,v(t) > 0 and hence v is positive and monotone increasing.
For (p,v) = (1,0) € M3 we have (AY,; o Alv)(t) = Ayq1v(t) > 0 and hence by hypotheses we
obtain the conclusion. In other cases, the proof follows from the transference principle and Theorem

4.2.19. O

4.3 Monotonicity and convexity

In this section we improve several results from [65, Section 7] and show, in some cases, new conditions

to ensure positivity, monotonicity and convexity.
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First studies on convexity of difference operators were performed by Atici and Yaldiz [18] and
Baoguo et.al. [27]. The next theorem is a substantial improvement of [65, Theorem 7.1] that now
ensure the properties of positivity and monotonicity in the semi-closed interval 2 < a < 3 which
were not considered in [65]. As already it was mentioned, it is important to observe that this new
result, together with those proved in the previous section, allows us to conclude that the properties
of positivity, monotonicity and convexity for a given sequence u have a continuous transition as «
increase from 0 to 3. Our proof for convexity uses the new properties of the operator A% established

in Section 1.

Theorem 4.3.1. Let 2 < o < 3 and u € s(No;R) be given and assume that

(1) A%(n) >0, for alln € Ny;
(1) u(2) > au(1) — L21y(0);
(791) u(1) > au(0);

(v) u(0) > 0.
Then w is positive, increasing and convex on Ny.

Proof. If a = 2 then by hypothesis (i), A%u(n) > 0, for all n € Ny, i.e. u is convex on Ny. Now,
using the fact that w is convex on Ny, we get Au(n + 1) > Au(n). By hypotheses (iii) and (iv) we
also have u(1) > u(0), then Au(0) > 0 and

Au(n+1) > Au(n) > ... > Au(0) > 0.

Hence, u is monotone increasing and positive on Ny. Now, we assume 2 < a < 3. By Remark 4.1.2

with [ = 3, we have

|
—

(K3~ % A3u)(n) = A%(n) —

-
(]

<
Il
—
L
I
- o

(j) (=13 Tu(@)k**(n +j — 1)

I
>
Q
=
2
|
Nl
<
|
w

<
I
-
-
I
o

(J_) (—1)3Fu(i)rj_ k3= (n).
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Convolving with k=2 we obtain

j—1

(E*72 % k37« A3u)(n) = (k%72 x A%)(n) — Z (j) (=1 Tu(@) (k2 % 7, ;k3 ) (n).

j=11i=0
Observe that, by Lemma 1.2.5 and the semigroup property of the kernel k7, we get
j—i—1
(B2 s mj k) (n) = (B2 K7 (n 4§ — i) — D k* 2 (n— 1+ 5 —)k*(I)
1=0
j—i—1

=1- > k" (n—1+j— i)k ().

=0

Therefore,

3 j-1
A?u(n 4 1) — A%u(0) = (E*2 % A%)(n) — Z ' (3> (—1)379u(4)
(4.3.1)

Note that,
5 91 /g _
Z 4 ( > (—1)*Tu(i) = 3u(0) — 3u(0) — 3u(1) + u(0) + u(1) + u(2) = A%u(0). (4.3.2)

Also, since for any v > 0, k7(0) = 1, k7(1) = v and k7(2) = w, we have

3 j-1 3 . j—i—1
ZZ(,)(_U?’—JU(@) S kTP — 14— k()

j=11=0 J 1—0
= Bu(OR" 2 (n-+ 1) = 3u0) (k0 +2) + K2+ D3 - ) +u(E 20+ 0] (435
F DO (B2 +3) + K2+ 2)(3 - a) + ko~2(n + ) EZ NI,

+u()(k*2(n+2) + k7 2(n +1)(3 — ) + u(2)k**(n + 1)].
Replacing (4.3.2) and (4.3.3) in (4.3.1) we obtain that for n € Ny,

Au(n 4+ 1) = (k* 7% % A%)(n) + k* % (n 4 3)u(0) + k> 2(n + 2)[u(1) — au(0)]

ala—1)
2

(4.3.4)
+ k2 (n+1) |u(2) — au(l) + u(0)] .

Using the hypotheses (i), (iii) and (iv) we conclude from (4.3.4) that A2?u(n) > 0, for all n € N.
On the other hand, using (i7), we have

ala— 1)u

5 (0) = A?u(0) — (a — 2)u(1) +

u(2) — au(l) +
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Hence, hypotheses (iii) and (iv) show that

A%u(0) > (a — 2)u(1) — WU(O)
> (a—Z)Q—M& u(0) = (0‘_2)2(0‘+1)u( )>0
This proves that A%u(n) > 0 for all n € Ny — i.e., u is convex. O

Remark 4.3.2. Note that if a sequence u is convex on Ny, and u(1) > u(0) > 0 then it is positive

and increasing.

Remark 4.3.3. We can state the following converse for Theorem 4.3.1: Suppose that «(0) > 0, u(1) >
au(0) and u is a-convex. Then A%u(n) > 0. In fact, we first observe that a-convexity implies
u(n+1)—u(n) > (a—1)"(u(1)—u(0)) (see the proof of Remark 4.2.11). Since (a—1)"(u(1) —u(0)) =
(a—1)"(u(1) — au(0)) + (o — 1)"*1u(0), we obtain in view of the given hypothesis that Au(n) > 0.
On the other hand, from Proposition 4.1.1 with a := u,b := k3~%,l; = 1,1, = 2 we have that the

following identity holds:
A%u(n) = (Aux A2E37%) (n) + A%K37%(n + 1)u(0) + (o — Du(n + 1) — au(n +2) +u(n + 3).

Since A2k3~%(n) > 0, it then follows from the given hypotheses and the previous identity that

A%y(n) > 0, as claimed.

The previous Remark, together with Remark 4.2.15, allows to conclude that the corresponding

analogue for the fractional difference operator A% of the well-known property
u convex == A%u(n) >0,
for o € (1, 3), could be read as follows:
u(0) >0, u(l) > au(0), uconvex = A%(n)>0 (I1<a<?2)

and

u(0) >0, u(l) > au(0), u a-convex = A%(n)>0 (2<a<3).

Indeed, taking into account that convex = 2-convex, we may conclude that as « increases from 1
to 3 then the geometrical property of convexity change continuously from convexity to a-convexity,

which gives a reasonable converse for Theorems 4.2.13 and 4.3.1.
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The following example shows that the condition u(2) > au(1) — O‘(O‘T_l)u(O) in Theorem 4.3.1 is

necessary for convexity.

Example 4.3.4. Define u : Ny — R by u(n) = v — Tl—l where v > 1 is fized. Observe that
Sytbyotidy—d W < 3 and let 220V W < a < 3. The following statements are true:

e A%(n) >0, for all n € Ny;

e u positive, monotone increasing and concave.

Indeed, first observe that uw(0) = 0, and u(l) = v—1 > 0. Also, we have that u is positive and

Au(n) =u(n+1) —u(n) = 2 > 0, i.e., u is monotone increasing on Ny.
¥

Now, by Proposition 4.1.1 part (ii) with a := k3=, b:=u and l; = 2, lo = 1, we obtain for each

n € Ny

A%u(n) =(A%K* x Au)(n) + 3> *(0)u(n + 1) — 3[E**(0)u(n + 2) + K>~ *()u(n + 1)]
+ [E**(0)u(n + 3) + £ *(Du(n + 2) + k*~*(2)u(n + 1)] + A%E3~*(n + 1)u(0)
— AP (0)u(n + 1)
=(A%E*% % Au)(n) +u(n + 3) +u(n + 2)[=3 + k3~ (1)]
+u(n +1)[3 = 3k37%(1) + E37%(2) — A%K372(0)] + A%E3~%(n + 1)u(0)

:Z A7) Au(n — j) + u(n + 3) — au(n +2) + (o — Du(n + 1)

Jj=0

+ A%E3%(n 4+ 1)u(0)

= . A3 () Au(n — §) + A%E3(0)Au(n) + u(n + 3) — au(n + 2)
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+ (@ — Du(n + 1) + A%E3%(n + 1)u(0)

(a—1)(a—2)

=Y AMEPT(G) Au(n — ) + 5

j=1

+ (@ — Du(n +1) + A%k3%(n + 1)u(0)

[u(n + 1) —u(n)] + u(n + 3) — au(n + 2)

= Z A3 () Au(n — j) +u(n + 3) —au(n +2) + wu(n +1)
- Wu(n) + AZE3%(n + 1)u(0)

n+3 _q _a7"+2—1+a(a—1)7"+1—1
7n+2 ,Yn-&-l 2 ,yn

=3 A% Aun ) + 1

j=1
(a-1(a-2)9" -1
2 ,ynfl :

By Lemma 1.2.4, part (i1), and Au(n) > 0, we have 377_, A2E3=(5)Au(n — ) > 0. Thus, since
ac [‘3V+2+ 2::2+47_*4a3),

and from the above, we obtain

3 -1 Y21 ala—-1)y"Tt -1 (a—-1D(a—2)y" -1

Afuln) =2 — g —e gt v 2 yl
_ (P =)+ 2+ =3 )a—2429°
- 27n+2 =

However u is concave, indeed,

o1 il -1 ()P
,ynJrl ,yn ,ynfl - ,\/n+1 —

Au(n) =u(n+2) —2u(n+ 1) + u(n) =

Moreover, u(2) = (’Y_l)ww <2(v—-1) < aly—-1) = au(l) — WU(O) It follows that the
condition u(2) > au(l) — @U(O) in Theorem 4.3.1 is necessary in order to ensure the convezity

of the sequence u.

3y+2+4/72+4y—4
2y

= 3, and limy_, o

3y+2+/v2+4v—4
2y

Finally, observe that lim,_,; = 2. Conse-

quently, the interval where a runs in the above example is better as « increases.

From Theorem 4.3.1 and the Transference Principle we deduce the following consequence.

Theorem 4.3.5. Let 2 <v <3, a €R and v € s(Ng;R) be given and assume that
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(i) A¥v(t) >0, for allt € Nyy3—,;
(i) v(a+2) > vo(a+1) — LMo(a);

(#ii) v(a+1) > vv(a);

(iv) v(a) > 0.
Then v is positive, increasing and conver on Ng.

Proof. In case v = 2 the conclusion is clear from the hypotheses. Define u := 7,v. Using Theorem

1.2.6 we have

AYu(n) = Tay3—p 0 AL 0 T_qu(n) = Tay3—p 0 AL o Tov(n) = ALv(t) > 0,

fort:=n+4+a+3—v &€ Nyy3_,. The conclusion follows from the transference principle. O
Remark 4.3.6. Let a € R, and v(n) := 7_,u(n), n € Ny where u(n) = %, ~v > 1. assume that

SyiZeyytiyd V232+47_4 < a < 3, by Theorem 1.2.6, and Example 4.3.4, we have fort :=n+a+3 —«a €

Na+3—a
AGu(t) = (Tats—a © A 0 T_qu)(n) = (Tat+3—a © AGv)(n) = A%u(n) = 0.

Therefore, we conclude that A%v(t) > 0 for all ¢ € Nyy3_q, v(a) = u(0) > 0, and v(a + 1) =
u(1) > au(0) = av(a). But v(a +2) = u(2) = GO < (5 — 1) = au(1) - 2%5yu(0) =

~
ala—1)
2

av(a+1)— @v(a). It follows that the condition v(a+2) > av(a+1) — v(a) in Theorem

4.3.5 is necessary in order to ensure the convexity of the sequence v.

The following Theorem widely improves [65, Theorems 7.9, 7.11, 7.13, 7.15, 7.17]. We have in-
cluded the borders of each region given and we have added a new hypotheses, namely: (A®*F4)(0) >
0, in order to ensure positivity, monotonicity and convexity on Ny of a real sequence u in the set
C:={(a,B) €10,3] x[0,3] : 1 <+ B < 2}. This allow us to see that all the conditions indicated
in the theorem, below, overlap with all the conditions in Theorem 4.2.19. It implies that all the
properties of a sequence u remain valid as the parameters («, ) move and cross from one band

R, M or C to another. For the resulting plot, see Figure 4.3.
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We will consider the following subregions of C,
C1={(a,8) €10,3] x[0,3]:0<a<1,2<8<3,2<a+ <3},

Co:={(a,) €10,3] x[0,3] :0<a<1,1<B<22<a+ <3},
Cs:={(a,0) €[0,3] x[0,3] : 1 <a<21<B<2,2<a+8<3},
Cs={(a,8) €0,3] x[0,3] : 1 <a<2,0<B<1,2<a+ <3},

Cs :={(a,p) €[0,3] x[0,3] :2<a<3,0<p<1,2<a+ <3}

Theorem 4.3.7. Suppose that

(4)

B8 —-1)(8 - 2) %2 u(0) if (a, ) € Cy
0 if (o, 8) € Co

(AP o A%u)(n)><{ 0 if (o, 8) €Cy. (4.3.5)
8(1 = B)[u(1) — (o — 1)u(0)] if (a, ) €Cs
S(1=B)u(2) — (a — Du(1) + =D y(0)]  if (o, 8) € C5

(1) u(3) > (a+ Bu(2) — 3(a+ B)(a+ B — Du(l) + gla+ B)(a+f —1)(a+ B — 2)u(0);
(iid) u(2)

(iv) u(1) = (a+ B)u(0);

Y

(a+ B)u(l) — 3(a+ B)(a+ B — 1)u(0);

(v) u(0) > 0.

Then u is positive, monotone increasing and convexr on Ny.

Proof. We divide the proof in the following cases:
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Cy: Consider (, 3) € C;. The case a = 0 is true by (i), because AP o A% (n) = APu(n) > 0. Hence
we can apply Theorem 4.3.1 for 8 € [2,3). In other cases, by Proposition 4.1.3 part (vi), with

=1, m =3, we have
APy(n +1) = AP o A%u(n) + A%Kk3 P (n + 1)u(0). (4.3.6)

By part (ii¢) of Lemma 1.2.4, we obtain

5 E3=P(n+1)
31.3-8 _ _ _
AFT A1) = =58 - 1)(8 2)(n+2)(n+3)(n+4)'
Since that 0 < 3 — 8 < 1, we deduce that
NS4 1) 2 ~5(3 - )5 - 25,
Thus, 4
3—
A Pu(n+1) > A% o A%(n) — (5 —1)(5 - 2) ¢ 24(1)'

Then, by hypothesis (i), we conclude that APy (n +1) > 0. Therefore the claim follows from

hypothesis and Theorem 4.3.1.
Ca: Suppose (a, B) € Co. If o+ 8 = 2, then by Remark 4.1.4, with [ = 1, m = 2 we have
APu(n +1) = (A2 0 A%)u(n) + A%k "%(n + 1)u(0).

By Lemma 1.2.4 part (ii), we have A2k~ (n+1)u(0) > 0. Moreover, by hypothesis (i) we have
A?u(n+1) > 0. Thus, by hypothesis (iv) and Remark 4.3.2, we obtain the claimed conclusions.

In other cases, by Proposition 4.1.3 part (v), with { =1, m = 2 we have
AP o A%u(n) = A*MPu(n) — A2E* 7P (n 4 1)u(0). (4.3.7)
But by Lemma 1.2.4 part (ii), A2k?=8(n + 1) > 0. Then, by hypothesis (4)
APu(n) = AP o A%u(n) + A%E* P (n 4+ 1)u(0) > AP o A%(n) > 0.
Thus, A*yu(n) > 0 and the conclusion follows from hypothesis and Theorem 4.3.1.

Cs: Assume («, ) € C3. If a =1 and 1 < 8 < 2 then, by Proposition 4.1.3 part (ii¢), with m = 2,
we have

APFLu(n) = AP o Au(n) + A%E*7P (n + 1)u(0).
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Thus by hypothesis (i), and since that A2k?=#(n 4+ 1) > 0, we obtain AP*lu(n) > 0. Hence,
we can apply Theorem 4.3.1 for § € [1,2] and the conclusion follows. In other cases, by

Proposition 4.1.3 part (vi), with { = m = 2, we have the identity

APy(n +1) = AP o A%u(n) + A%K* P (n + 1) A 1u(0) + AK* P (n 4+ Du(0).  (4.3.8)

Note that, 1+ 3 < n+4 for all n € Ny, thus %—1 < 0, for all n € Ny. Then, S+a > oz—i—%—l

and we obtain

(a4 A)u(0) 2 [a = 1+ - 2u(0)
Since u(1) > (o + B)u(0), then
u(l) > a—1+ iii]u(oy (4.3.9)
On the other hand,
A1y (0) = u(1) — (a — 1)u(0). (4.3.10)
And, by Lemma 1.2.4, part (i) and (i),
A%K* P (n+1) = meB("+ 1), (4.3.11)
as well as 0 p
_ _ - E*=P(n+1)
AP P(n41)=—B(B—1)(1+p) CEDICEBICEDE (4.3.12)
Using (4.3.9), (4.3.10), (4.3.11) we obtain
A%E2B (n 4+ 1) A 1u(0) + A3E2 P (n 4 1)u(0)
_BB-1) s K~ P(n+1)
= mk P(n+ Du(1) = (@ = Du(0)] = B(8 = 1)(1 + B) mE 2+ +4)U(0)
___BB-1) - 1
= me Pn+ Du(1) = (@ = Du(0) — (1 + B) o 1v0)]
__BB=1 - 1
= syt e [a() = (0= 1) + (14 B) = lu(0)] > 0.

Then, by hypothesis (i) and the above inequality, we obtain from (4.3.8) that APy (n+1) > 0.

Therefore the conclusion follow from hypothesis and Theorem 4.3.1.
Cy4: Suppose (a, B) € Cy. If a+ B =2, by Remark 4.1.4 with [ = 2, m = 1, we have the identity

APu(n+1) = A% 0 A%u(n) + AE* " (n 4+ 1A u(0) + A%E*H(n + 1)u(0).
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By part (ii) of Lemma 1.2.4 we have A%k'=#(n 4 1) > 0 and thus, by hypothesis (i), we
conclude that A%u(n+1) > 0. By hypothesis (iv) and Remark 4.3.2, we have proved the claim.

In other cases, by Proposition 4.1.3 part (v) with { = 2, m = 1, we obtain
APy(n) = AP o A%u(n) + A% P (n 4+ Du(0) + AP (n 4+ 1) A% 1u(0). (4.3.13)

By part (ii) of Lemma 1.2.4, we have A2k =% (n 4 1) > 0. Since 0 < 1 — 8 < 1, we obtain

K'=A(1)
2

E'=B(n+1)

AP (n+1)= -5 )

> —pB
On the other had, by hypothesis (iv) and (v), we obtain
A Mu(0) =u(1) — (o — 1)u(0) > (a + B)u(0) — (o — 1)u(0) = (8 + 1)u(0).

Thus

)

APPu(n) =AP o A%u(n) + A%k P (n + 1)u(0) + Ak P (n + 1) A% 1u(0)

>AP o A%u(n) — g(l — B)A1u(0).

Thus, if (a, 8) € C4, we obtain A®*Ay(n) > 0, for alln € Ny. Therefore the conclusion follows

from hypothesis and Theorem 4.3.1.

Cs: Suppose («, 3) € C5. In case a = 2 and 0 < 8 < 1 by Proposition 4.1.3 part (iv), with | = 2,

m =1, we have
APF2yu(n) = AP o A%u(n) + AE P (n 4+ 1) Au(0) + A%E P (n 4 1)u(0).

Thus by hypothesis (i), (4.2.6), and since A2k?~#(n +1) > 0 we obtain A?*2u(n) > 0. Hence
we can apply Theorem 4.3.1 for 5 € [1,2] and obtain the claim. In other cases, by Proposition

4.1.3 part (vi), with [ =2, m = 1, we have

ABu(n 4+ 1) =AP o A%u(n) + AE P (n + Du(0) + A2E P (n + 1) A% 24(0)

+ AEY P (n 4 1) A% 1u(0).

Moreover, by part (i7) Lemma 1.2.4,

E'=B(n+1)

AP n 1) = B+ B oy

(4.3.14)
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Since 0 < @ — 2 < 1, we also have

A% 2(0) = AE* ™ % u)(0) = (B3 u)(1) — (B3 % u)(0) = (3 — a)u(0) + u(1) — u(0)
=u(1) — (a = 2)u(0).

(4.3.15)
Moreover, by part (iii) in Lemma 1.2.4,
E'=P(n+1)
AR P (n+1) =—B(1+ +2 . 4.3.16
(1) == B+ AF+ D e (43.16)
And by part (i) in Lemma 1.2.4, since that 0 < 1 — 8 < 1, then
E'=B(n+1) k=P (1)
Pn+1) = - > — : 4.3.1
AR (1) = o — > (4.3.17)
On the other hand, for each n € Ny, we have (8 + 2)(n +4) > 8+ 2, and then
an+4)+(B+2)(n+4) > (B8+2)+aln+4),
as well as
(a+B8)(n+4)>0+2+ (a—2)(n+4).
Therefore
B+ 2
> — —2.
a+ B> +4+
Thus, since that u(1) > (a4 8)u(0) and u(0) > 0 we conclude that
B+2
1) > — . 3.
u( )_[n+4+a 2]u(0) (4.3.18)

Therefore, using (4.3.18), (4.3.15), (4.3.14) and (4.3.16) we obtain

A3EY P (n 4+ 1)u(0) + A%k P (n 4+ 1) A% 2u(0)

ErP(n+1) KB (n+1)

~ 801496+ 2) 5 O 0) + 50004 ) L ) ~ (0 - 2u0)
8014820 L) (am 2u(0) = (84 2) o u(0)]
(n+2)(n+3) (n+4)
51+ 6)M[ (1)~ -2+ (B+2)— Ju(©)] 2 0
+2)(n+3) (n+4) =

Thus, by hypothesis (i) and (4.3.17), we obtain from (?7?)
A*Py(n) >0, for all n € Ny. (4.3.19)

Therefore the conclusion follows from hypothesis and Theorem 4.3.1.
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O

Remark 4.3.8. Note that in the sector C4 we have 1 < a < 2 and an easy calculation shows that
A 1(0) = u(1) — (o — 1)u(0). In case of the sector Cs, we have 2 < a < 3, and the identity
A 1y(0) = u(2) — (o — Du(1) + L=22=2)4,(0) holds.

Remark 4.3.9. Note that for 2 < a+ 8 < 3 we obtain, after a calculation

(a+B)(a+8-1) (a+B)(a+B—-1)(a+3—-2)
2 6

u(3) — (a4 Bu(2) + u(l) - u(0) = (A Pu)(0),

and hence the hypothesis (i7) in the previous theorem can be rewritten only in terms of the positivity

of (A*94)(0).

Remark 4.3.10. The previous theorem improves the condition (i) on (A? o A%u)(n) in Theorems
7.13 and 7.17 of [65]. We recall that the condition (i) in [65, Theorem 7.13] is (A® o A%u)(n) >
B+ B)(B — 1)%1&(0), whereas the condition (i) of [65, Theorem 7.17] is (AP o A%u)(n) >
B(1+p6)(2+ ﬂ)%u(O) + B%Aa_lu(()). In our findings, the condition on the right hand side
of (4.3.5) is less restrictive. Moreover, our new hypotheses allows the conditions on the right hand

side of (4.3.5) coincide when the pair («, 8) varies in the borders of each sector. This property was

not posed in the results of [65].

Moreover, we have added the hypothesis (A®*#4)(0) > 0, which allow us to improve the results in
[65, Theorems 7.11, 7.13, 7.15, 7.17] ensuring not only convexity but also positivity and monotonicity
of a sequence on the set Ng. We also observe that for (o, 8) € C5 we added the conditions (i) and

(i41), which were missing in [65, Theorem 7.17].

Remark 4.3.11. Note that if 8 = 2 the condition on the right hand side of (4.3.5) in Theorem 4.3.7
coincides in the regions C; and Co. If @ = 1 then the condition on the right hand side of (4.3.5)
coincides in the regions Co and Cs. If 8 = 1 then the conditions coincides in the regions C3 and C4

and, finally, if @ = 2 then the conditions coincide in the regions C4 and Cs.

The following example shows that the condition (i7) in Theorem 4.3.7 is necessary for convexity

in C; and Cs.



CHAPTER 4. ANALYTICAL PROPERTIES OF NONLOCAL DISCRETE OPERATORS. 99

Example 4.3.12. Define a sequence u : Ng — R by u(0) = u(1) = 0 and u(n) :== 2 — 217" n € Ny.
Let 4+T‘ﬁ < a+ f < 3. Then the following assertions hold:

resns (1 10
(i) w(2) > (a+ B)u(l) — 3(a+ B)(a + B — 1)u(0);
(iii) u(1) > (o + B)u(0)

(iv) u(0) >0

(v) w is positive, increasing and concave on Nj.

Indeed, it is clear that w is positive, increasing and the items (ii), (i7i), (iv) and (v) are verified.
Proceeding analogously to Example 4.3.4, using Proposition 4.1.1, part (i), with a := k3=(eth) .=

u, b1 = 2,lo =1 we obtain for any n € Ny :

(@+p)((a+p)-1)

APy(n) = 2": AP OHB () Auln — 5) + u(n + 3) — (o + Bu(n + 2) +

5 (n+1)
j=1
_(oz—|—,@—1)2(a—|—ﬂ—2)u(n)
n 2n+3_1 2n+2_1 -1 2n+1_1
:ZlA%S’(aJFﬁ)(j)Au(nfj)Jer(a+6) i (a+ﬂ)(0;+5 ) -
j=
atB-Dats-22 -1
2 2n71 :

Since Au(n) > 0, by Lemma 1.2.4 part (ii), we have Z;—;l A?E3=(5)Au(n — j) > 0. Thus, since
4

a+p e +2ﬁ,3), and from the previous identity, we obtain

2(a+B)2 —8(a+pB)+7

AaJFﬁu(n) > o2 >0, ne€Ns.
Note that % < 4+T\/§ < (a+ fB) < 3. Therefore, we also have
-1
A (1) > AZE D) (1) Au(0) + u(4) — (o + Bu(3) + L2F 5)(05 =1 o)

= S(6(a+ B)* ~ 20(a + §) +15) 2 0.
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We conclude that A Pu(n + 1) > 0 on Ng. On the other hand, by (4.3.6), (4.3.8) and taking into

account that u(0) = u(1l) = 0, we obtain

a+p8 .
(A% oAy = { O wle D i@ f) e
Aa+ﬁu(n +1) if (o, ) €Cs.

This proves (i). We now prove that u is concave on Na. Indeed, by definition we obtain

P | ontl 1 om 1 1
A?u(n) = u(n +2) — 2u(n + 1) +u(n) = TESa 2 o + ST = T gna <0,

proving the claim. However, note that u(3) = % < (a + 8)3 = (a + B)u(2). It follows that the
condition (i) in Theorem 4.3.7 does not hold.

The next example shows that the condition u(2) > (o + S)u(1l) — qu@) in Theorem

4.3.7 is necessary for convexity in Ca.

Example 4.3.13. Define the sequence u : Ng = R by u(n) := v — Tl—l where v > 1 is fized. Let

2 —
w < a+ B < 3. The following statements are true:

(AP o A%u)(n) >0, if (o, B) € Co.

u(3) > (a+ Bu(2) — 3(a+ B)(a+ B = Du(l) + gla+ B)(a+ B — 1)(a+ B — 2)u(0)

u(1) = (o + B)u(0)
e u(0) >0

e u s positive, monotone increasing and concave on Ng.

In fact, we first observe that u(0) = 0, and u(l) =y —1 > 0. Also, we have that u is positive

and Au(n) = u(n+1) —u(n) = v7—711 >0, i.e., u is monotone increasing on Ng. Now, by Example

4.8.4, u is concave on Ny and, replacing o by o + 3 in Ezvample 4.8.4, we have A*TBu(n) > 0.

Consequently, by (4.3.7) we obtain

(AP o A%u)(n) = A*TPu(n) — A%K* P (n + 1)u(0) > 0.
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Notice that also have u(3)—(a+ﬁ)u(2)+%(a+ﬁ)(a—l—ﬁ—l)u(l)—%(a—i—ﬂ)(a—«—ﬂ—l)(a—i—ﬁ—?)u(O) >0.
Therefore all the assertions are verified, proving the claim. On the other hand, we have u(2) =
%V(WH) <2y-1) < (a+B)(y—-1) = (a+ Bu(l) — %u(m It follows that the

condition (iii) in Theorem 4.3.7 is necessary in order to ensure convexity.

Now, in the following example we show that the condition (4i7) in Theorem 4.3.7 is necessary for

positivity, monotonicity and convexity in C4 and Cs.

Example 4.3.14. Define a sequence u : Ng — R by u(0) = u(1) = 0, u(2) = —1 and u(n) :=
kY(n), n € N3, v > 11. Let 2 < a + 8 < 3. Then the following assertions hold:

if (a, B) € Cy.
(1 - B)u(2) if (a,f) € Cs.

(it) u(3) > (a + B)u(2) — 5(a + B)(a+ B — Nu(l) + gla+ B)(a+ B — 1)(a + B — 2)u(0);

(i) (A% 0 A%u)(n) >

o O

(iid) u(1) > (a + B)u(0)
(iv) u(0) > 0

(v) w is non positive, non increasing and non concave on Ny.

In fact, since k7 (n) > 0, it is clear that (i), (#i1) and (iv) are verified. Moreover, u is non-positive
and non-increasing because u(2) = —1. This property also implies A?u(0) = —1 < 0 and therefore u

cannot be conver on Ny.

We check assertion (i). By Definition 1.2.8 and the semigroup property of the kernel k7 (see
(1.2.3)) we obtain, by Definition and part (iii) of Lemma 1.2.4, the following identities:

A‘“‘Bu(n) = A""’ﬁkﬂ(n) = A?’(k?’_o‘_ﬁ *xk7)(n) = AS(kz‘g_a_ﬁ"’"’)(n)
f3—a—B—y
(n+1)(n+2)(n+3)’

=(y—(a+8)A+y—(a+8)2+y - (a+5))

for all n € N3. Therefore A®tPu(n) >0, n € N3.
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We now prove that A®TPu(n) > 0 forn = 0,1,2. In fact, since 2 < o+ B < 3, from Definition
1.2.3, we obtain A*tPu(0) = u(3) — (a+ B)u(2) = k(3) + (a + 8) > 0.

On the other hand, since 2 < a+ 8 < 3 and v > 11, we have %(a +B8)(a+p—-1) < 3 and
Y43 —4d(a+B) > 1. Thus [y +3 — 4(a+ B)](y +2)(v + 1)y > 3 and we obtain

APy (1) = u(4) — (a + B)u(3) + %(oz + B)(a+ B — Du(2)
= K(4) ~ @+ AKT(3) — lat B+ 1)
= Gb+3- 4@+ Bl + D+ 1y = et Bt f-1) 20
Finally, since 2 < a+ 8 < 3 and v > 11, we have (y +4) — 5(a + 8) > 0. Therefore,
A 2u(2) = u(5) — (o + Bu(4) + 50+ B){a+ f — 1ul3) — (0 Ao+ 5~ 1)(a+f—2u(2)

= K1(5) ~ (@ + ART(4) + (ot H)a+ B~ 1K(B) + g(a+B)a+ 5~ 1)+ p—2)

2
= é[(v+3)(7+4) —5(a+ B)(y+3) +10(a+ B)(a+ B8 -1y +2)(v+ 1)y
> S+ 30 +4) = 5+ ) + 10+ B)(a+ 5~ D)y +2)(y + 1) 2 0.

We conclude that AtPu(n) > 0 for all n € Ny, as claimed. Moreover, since u(0) = u(1) = 0 and

u(2) = =1, by part (v) in Proposition 4.1.3, with I =2, m = 1 we have in the sector Cy :
(AP o A%u)(n) = A*TPu(n) >0, n € Ny,
and by part (vi) in Proposition 4.1.3, for | =3, m = 1 we obtain for the sector Cs :

(AP o A%u)(n) = A Pu(n) — AP (n + Du(2) > g(l —Bu(2), n € Ny,

where we have used the inequality —Ak' =P (n+1)u(2) > g(l —B)u(2) that follows from (4.2.6). This
proves (i). However, note that u(2) = —1 < 0 = (a + B)u(l). It follows that the condition (iii) in
Theorem 4.3.7 does not hold.

Our final theorem provides our new results and insights on convexity, which seems to be the
best possible. The result in the region C; corresponds to [65, Theorem 7.9] after application of

the transference principle and adding one missing hypothesis. The result in C; corresponds to a
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substantial improvement of [65, Theorem 7.11] where not only one hypothesis was missing but also
the conclusions on positivity and monotonicity. The result in C3 is an extension of [65, Theorem 7.13]
where, even after application of the transference principle, both an additional hypothesis and the
conclusions on positivity and monotonicity were absent. The result in C4 is a major improvement of
[65, Theorem 7.15]. Finally, the conclusion about the sector Cs widely improves [65, Theorem 7.17].
We notice that our next theorem also improves those in the reference [62] for the sectors Cs,Cs and

Cy.

Theorem 4.3.15. Let a € R and v € s(Ng;R) be given. Suppose that,

(4)

(AL 0 Al)(t) > v(v = 1)(v — 2) 52 v(a) if (1,v) €C,
(A7 0 ALv)(t) 20 if (p,v) € Ca,
(Al s, 0 Av)(t) > 0 if (4,0) € C,
(A s, 0 AB)(t) = 5(1 = v)[v(a+1) — (1 — 1)v(a) if (1,v) € Cy,
(ALgp 0 Al)(1) > 5(1=v)v(a+2) = (n—Dv(a+ 1) + LE20(a) if (n,v) € Cs,
(4.3.20)

te Na+4—u—l/ if (/-//71/) € Clvc?nCSv
te Na+3—u—u if (ILL,I/) S CQ,C4.

(i1) v(a+3) > (u+vv(a+2)— t(p+v)(p+v—1vla+ 1)+ (p+v)(p+v—1)(p+v—2)v(a);
(iii) v(a+2) > (p+v)v(a+1) — L(p+v)(p+v—1)v(a);
(iv) v(a+1) = (u+v)v(a);

(v) v(a) > 0.

Then v is positive, monotone increasing and convex on Ny.
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Proof. Note that, when (u,v) = (0,2), (u,v) = (1,1) and (i, v) = (2,0) the result is immediate in
the respective regions. Define u := 7,v. For (u,v) € Cq, using the transference principle we have,
AY o APu(n) =T443-, 0 AL 0 T_q 0 AHu(n) = Taq3-, 0 AL 0 T_q 0 Tap1—y © AR o T_su(n)
=Tat3—v 0 Ag 0Ty 0 Al oT_qu(n) = Taq3—p 0 Ti—p 0 Ay, 0 Al oT_qu(n)

v
=Tata—p—v 0 Ay 1, 0 Abv(n),

for each n € Ny. Therefore,
AY o Afu(n) = Ay q_,, o ALv(t), (4.3.21)

where t :=n+a+4—p—v € Nypa_—,. For (u,v) € Ca, using again the transference principle, we

obtain

A" o AMu(n) =Taq2- 0 A, 0 T_q 0 Alu(n) = Taqr2-1 0 A, 0 T_q 0 Tay1—p 0 Al 0o T_qu(n)
14 L 14
=Tat2-v 0 Ay 0Ty 0 Al o7 _qu(n) = Tar2-p 0 T1—p 0 Ap g, 0 AL o T_u(n)

=Ta4+3—p—v © AZ+17;1 o Afw(n),

for each n € Ny. Therefore, we conclude that
AY o Afu(n) = Ay q_, o ALv(t), (4.3.22)
where t :=n+a+3—p—v €Nyys_,_,. For (u,v) € C3 we have for each n € Ny :

AY o Afu(n) =Taq2- 0 A, 0 T_g 0 Afu(n) = Taqo-, 0 Ay 0 T_g 0 Tgyo—y 0 A o 7_qu(n)
v v
=Tat2-p 0 Ay om0 Al o7 qu(n) = Tap2-p 0T 0 Ay o, 0 Ao T_u(n)

=Tatd—p—v 0 Af 1o, 0 Abv(n).

We conclude that
AY o Afu(n) = Ay 5, 0 ALu(t), (4.3.23)

where t:=n+a+4—p—v €Ngyap . Next, for (u,v) € C4 we obtain for each n € Ny :

AY o AMu(n) =Taqr1-p 0 Ay 0 T_q 0 Alu(n) = Ta11-1 0 A, 0 T_4 0 Tayo—y 0 Al 0o 7_qu(n)
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174 v
=Tat1-v 0 Ay oTay 0 A o7 _qu(n) = Tap1-p 0 T2 0 Ay o, 0 Ao T_gu(n)

1%
:Ta+37ll‘7y o Aa+27ﬂ o Ag'[}(n).

Therefore,

AY o Afu(n) = Ay 5, 0 ALv(t), (4.3.24)
where t :=n+a+3 — p—v € Ngy3_,,. Finally, for (u,v) € Cs

AY o APu(n) =Tg41-p 0 Al 0 T_g 0 AFu(n) = Ta41-p, 0 AL 0 T_g 0 Taq3—, 0 AR o T_su(n)
1% 1%
=Tat1-v 0 Ay om3_ 0 Al o7 su(n) = Tap1-p 073 0 Ay 3, 0 Ao T_u(n)

=Ta+4—p—v © AZ+3_H o] AZU(TL),

for each n € Ny. Therefore,

AY o Afu(n) = Ay 5, o ALu(t), (4.3.25)

where t :==n+a+4—pu—v € Noya_p—,. Moreover, if (i, v) € C4, we have APy (0) = Ta42—p O
At lor_u(0) = AP v(a+2— ), and if (u,v) € Cs, then A*1u(0) = T443-p, 0 A Lo ,u(0) =
AP=1y(a + 3 — p). Thus the conclusion follows of (4.3.21)-(4.3.25), hypotheses (i), (ii), (iii), (iv),
(v) and Theorem 4.3.7. O
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4.4 General conclusions

Geometric behavior for the composition of two operators A” o A* is represented in the drawing below.
The Theorem 4.2.7 represents the region R, Theorem 4.2.19 represents the regions M; — Mg, and

Theorem 4.3.7 represents the regions C; — Cs.

Figure 4.3: Geometry of the sequential operator AY o A*
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